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FORMALITY PROPERTIES OE EINITELY GENERATED GROUPS AND 

LIE ALGEBRAS 


ALEXANDER I. SUCIU* AND HE WANG 


Abstract. We explore the graded and filtered formality properties of finitely generated groups by 
studying the various Lie algebras over a field of characteristic 0 attached to such groups, including 
the Malcev Lie algebra, the associated graded Lie algebra, the holonomy Lie algebra, and the Chen 
Lie algebra. We explain how these notions behave with respect to split injections, coproducts, direct 
products, as well as field extensions, and how they are inherited by solvable and nilpotent quotients. 
A key tool in this analysis is the 1-minimal model of the group, and the way this model relates to 
the aforementioned Lie algebras. Another approach to formality is provided by Taylor expansions 
from the group to the completion of the associated graded algebra of the group ring. We illustrate 
our approach with examples drawn from a variety of group-theoretic and topological contexts, such 
as finitely generated torsion-free nilpotent groups, link groups, and fundamental groups of Seifert 
fibered manifolds. 
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1. Introduction 

The main focus of this paper is on the formality properties of finitely generated groups, as re¬ 
flected in the structure of the various graded or filtered Lie algebras, as well as commutative, differ¬ 
ential graded algebras attached to such groups. 

1.1. From groups to Lie algebras. Throughout, we will let G be a finitely generated group, and 
we will let k be a coefficient field of characteristic 0. Our main focus will be on several k-Lie 
algebras attached to such a group, and the way they all connect to each other. 

By far the best known of these Lie algebras is the associated graded Lie algebra, gr(G; k), intro¬ 
duced by P. Hall, W. Magnus, and E. Witt in the 1930s, cf. [54]. This is a finitely generated graded 
Lie algebra, whose graded pieces are the successive quotients of the lower central series of G (ten- 
sored with k), and whose Lie bracket is induced from the group commutator. The quintessential 
example is the free Lie algebra Iie(k”), which is the associated graded Lie algebra of the free group 
on n generators, 

Closely related is the holonomy Lie algebra, I)(G; k), introduced by T. Kohno in [41], building on 
work of K.-T. Chen [15], and further studied by Markl-Papadima [56] and Papadima-Suciu [63]. 
This is a quadratic Lie algebra, obtained as the quotient of the free Lie algebra on //i(G;k) by 
the ideal generated by the image of the dual of the cup product map in degree 1. The holonomy 
Lie algebra comes equipped with a natural epimorphism <!)(;: f)(G; k) -» gr(G; k), and thus can be 
viewed as the quadratic approximation to the associated graded Lie algebra. 

The most intricate of these Lie algebras (yet, in many ways, the most important) is the Malcev Lie 
algebra, m(G;k). As shown by A. Malcev in [55], every finitely generated, torsion-free nilpotent 
group N is the fundamental group of a nilmanifold, whose corresponding k-Lie algebra is m(A;k). 
Taking now the nilpotent quotients of G, we may define m(G; k) as the inverse limit of the resulting 
tower of nilpotent Lie algebras, m(G/r<:G; k). By construction, the Malcev Lie algebra nt(G;k), 
endowed with the inverse limit filtration, is a complete, filtered Lie algebra. The prounipotent group 
corresponding to this pronilpotent Lie algebra is denoted by 3J1(G; k). 

In two seminal papers, [74, 73], D. Quillen showed that the Lie algebra m(G; k) is the set of all 
primitive elements in kG (the completion of the group algebra of G with respect to the filtration 
by powers of the augmentation ideal), and that the associated graded Lie algebra of in(G;k) with 
respect to the inverse limit filtration is isomorphic to gr(G;k). Furthermore, the set of all group- 
like elements in kG, with multiplication and filtration inherited from kG, forms a complete, filtered 
group isomorphic to i)Jl(G; k). 

1.2. Formality notions. In his foundational paper on rational homotopy theory [83], D. Sullivan 
associated to each path-connected space X a ‘minimal model’, ^{X), which can be viewed as an 
algebraic approximation to the space. If, moreover, X is a CW-complex with finitely many 1-cells, 
then the Lie algebra dual to the first stage of the minimal model is isomorphic to the Malcev Lie 
algebra m(G; Q) associated to the fundamental group G = n\{X). 

The space X is said to he. formal if the commutative, graded differential algebra .jf{X) is quasi¬ 
isomorphic to the cohomology ring H*{X-, Q), endowed with the zero differential. If there exists a 
DGA morphism from the /-minimal model .y^fX, i) to H*{X\ Q) inducing isomorphisms in cohomol¬ 
ogy up to degree i and a monomorphism in degree / -i- 1, then X is called i-formal. 

A finitely generated group G is said to be l-formal (over Q) if it has a classifying space K{G, 1) 
which is l-formal. The study of the various Lie algebras attached to the fundamental group of a 
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space provides a fruitful way to look at the formality problem. Indeed, the group G is 1-formal if 
and only if the Malcev Lie algebra nt(G; Q) is isomorphic to the rational holonomy Lie algebra of 
G, completed with respect to the lower central series (LCS) filtration. 

We find if useful fo separate fhe 1-formalify properly of a group G info fwo complemenfary 
properlies: graded formalily and filtered formalify. More precisely, we say lhal G is graded-fonnal 
(over k) if fhe associaled graded Lie algebra gr(G; k) is isomorphic, as a graded Lie algebra, lo fhe 
holonomy Lie algebra I)(G; k). Likewise, we say lhal G is filtered-formal (over k) if fhe Malcev Lie 
algebra m = m(G;k) is isomorphic, as a filtered Lie algebra, fo fhe complefion of ifs associaled 
graded Lie algebra, gr(m), where bolh m and gf(m) are endowed wilh fhe respective inverse limit 
filtrations. As we show in Proposition 7.6, the group G is 1-formal if and only if it is both graded- 
formal and filtered-formal. 

Based on the work in papers of Berceanu-Papadima [5], Dimca et al. [19], Lambe-Priddy [44], 
Hain [32], Massey [57], Matei-Suciu [59], we summarize the following examples to show that all 
four possible combinations of these formality properties occur: 

(1) Examples of 1-formal groups include finitely generated free groups and free abelian groups 
(more generally, right-angled Artin groups), groups with first Betti number equal to 0 or 1, 
fundamental groups of compact Kahler manifolds, and fundamental groups of complements 
of complex algebraic hypersurfaces. 

(2) There are many torsion-free, nilpotent groups (Examples 7.8 and 10.8) as well as funda¬ 
mental groups of link complements (Examples 7.11 and 7.12) which are filtered-formal, but 
not graded-formal. 

(3) There are also finitely presented groups, such as those from Examples 7.9, 7.10, and 7.13 
which are graded-formal but not filtered-formal. 

(4) Einally, there are groups which enjoy none of these formality properties. Indeed, if Gi is 
one of the groups from (2) and G 2 is one of the groups from (3), then Theorem 1.5 below 
shows that the product Gi x G 2 and the free product Gi * G 2 are neither graded-formal, nor 
filtered-formal. 

1.3. Field extensions and formality. We start by reviewing in §2 some basic notions pertaining 
to filtered and graded Eie algebras. We say that a Eie algebra g (over a field k of characteristic 0) 
is filtered formal if it admits complete, separated filtration, and there exists a filtration-preserving 
isomorphism g = gf(g) which induces the identity on associated graded Eie algebras. Our first 
result, which generalizes a recent theorem of Cornulier [16], shows that filtered-formality behaves 
well with respect to field extensions. The proof we give in Theorem 2.8 is based on recent work of 
Enriquez [23] and Maassarani [52]. 

Theorem 1.1. Let q be a k-Lie algebra endowed with a complete, separated filtration such that 
gr(g) is finitely generated in degree 1. Ifk c K is afield extension, then g is filtered-formal if and 
only if the K-Lie algebra g (St K is filtered-formal. 

We continue in §3 with a review of the notions of quadratic and Koszul algebras. In §4, we 
analyze in detail the relationship between the 1-minimal model 1) and the dual Eie algebra 

£(A) of a differential graded k-algebra (A, d). The reason for doing this is a result of Sullivan 
[83], which gives a functorial isomorphism of pronilpotent Eie algebras, £(A) = in(G;k), provided 
1) is a 1-minimal model for a finitely generated group G. 
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Of particular interest is the case when A is a connected, graded commutative algebra with finite 
dimensional A\ endowed with the zero differential. In Theorem 4.10, we show that £(A) is iso¬ 
morphic (as a filtered Lie algebra) to the degree completion of the holonomy Lie algebra of A. In 
the case when A-^ = k), for some finitely generated group G, this result recovers the afore¬ 

mentioned characterization of the 1-formality property of G. In Theorem 6.5 we give an alternate 
interpretation of filtered formality, which will be used in the proof of Corollaries 11.3 and 11.4. 

Theorem 1.2. A group G is filtered-formal if and only ifG has a \-minimal model whose differential 
is homogeneous with respect to the canonical Hirsch weights. 

As is well-known, a space X with finite Betti numbers is formal over Q if and only it is formal 
over k, for any field k of characferisfic 0. This foundalional resulf was proved independenfly and 
in various degrees of generalify by Halperin and Sfasheff [35], Neisendorfer and Miller [61], and 
Sullivan [83]. Mofivafed by fhese classical resulfs, as well as fhe aforementioned work of Comulier, 
we invesfigafe fhe way in which fhe formalify properfies of spaces and groups behave under field 
extensions. Our nexf resulf, which is a combination of Corollary 4.23, Corollary 5.10, Proposition 
6.6, and Corollary 7.7, can be slated as follows. 

Theorem 1.3. Let X be a path-connected space, with finitely generated fundamental group G. Let 
k be afield of characteristic zero, and letkcK be afield extension. 

(1) Suppose X has finite Betti numbers bfX ),..., bi+\{X). Then X is i-formal overkif and only 
if X is i-formal over K. 

(2) The group G is I-formal over k if and only ifG is \ -formal over K. 

(3) The group G is graded-formal over k if and only ifG is graded-formal over K. 

(4) The group G is filtered-formal over k if and only ifG is filtered-formal over K. 

In summary, under appropriate finileness conditions, all fhe formalify properties lhal we sludy in 
this paper are independent of the ground field k D Q. Hence, we will somefimes avoid mentioning 
the coefficient field when referring fo fhese formalify nolions. The descenf properly for parfial 
formalify from Theorem 1.3, pari (1) has been used in [66] fo eslablish fhe {n - l)-formalily over Q 
of compacl Sasakian manifolds of dimension 2?i -i- 1. 

1.4. Propagation of formality. Next, we turn our attention to the way in which the various formal¬ 
ity notions for groups behave with respect to split injections, coproducts, and direct products. Our 
first result in this direction is a combination of Theorem 5.11 and 7.16, and can be stated as follows. 

Theorem 1.4. Let G be a finitely generated group, and let K < G be a subgroup. Suppose there is 
a split monomorphism l: K ^ G. Then: 

(1) If G is graded-formal, then K is also graded-formal. 

(2) IfG is filtered-formal, then K is also filtered-formal. 

(3) IfG is I-formal, then K is also \-formal. 

In particular, if a semi-direct product Gi x G 2 has one of the above formality properties, then G 2 
also has that property; in general, though, Gi will not, as illustrated in Example 5.13. 

As shown by Dimca et al. [19], both the product and the coproduct of two 1-formal groups is 
again 1-formal. Also, as shown by Plantiko [69], the product and coproduct of two graded-formal 
groups is again graded-formal. We sharpen these results in the next theorem, which is a combination 
of Propositions 5.15 and 7.18. 
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Theorem 1.5. Let G\ and G 2 be two finitely generated groups. The following conditions are equiv¬ 
alent. 

(1) Gi and G 2 are graded-fornial (respectively, filtered-fomial, or \-formal). 

(2) Gi * G 2 is graded-formal (respectively, filtered-formal, or \-formal). 

(3) Gi X G 2 is graded-formal (respectively, filtered-formal, or l-formal). 

Both Theorem 1.4 and Theorem 1.5 can be used to decide the formality properties of new groups 
from those of known groups. In general, though, even when both Gi and G 2 are l-formal, we cannot 
conclude that an arbitrary semi-direct product G\ x G 2 is l-formal (see Example 7.13). 

The various formality properties are not necessarily inherited by quotient groups. However, as 
we shall see in Theorem 1.7 and Theorem 7.14, respectively, filtered formality is passed on to the 
derived quotients and to the nilpotent quotients of a group. 

1.5. Expansions of groups and formality. In §8, we relate the 1-formality and filtered formality 
properties of a group to the Taylor expansions of its group algebra. Expansions of free groups were 
first introduced by Magnus, cf. [54]. This technique has been generalized and used in many ways, 
for instance, to give a presentation for the Malcev Eie algebra of a finitely presented group, [58, 62]. 
X.-S. Ein studied in [50] expansions of fundamental groups of smooth manifolds, using K.T Chen’s 
theory of formal power series connections and their induced monodromy representations. More 
generally, D. Bar-Natan has explored in [3] the Taylor expansion of an arbitrary ring. 

Eor a finitely generated group G, let gr(kG) be the associated graded algebra of kG with respect 
to the augmentation ideal, and let gr(kG) be the degree completion of this algebra. Developing an 
idea from [3], we say that a map E : G ^ gf(kG) is a multiplicative expansion of G if the induced 
algebra morphism, E : kG ^ gr(kG), is filtration-preserving and induces the identity on associated 
graded algebras. Such a map E is called a Taylor expansion if it sends all elements of G to group-like 
elements of the Hopf algebra gf(kG). 

A group G is said to be residually torsion-free nilpotent if any non-trivial element of G can be 
detected in a torsion-free nilpotent quotient. If G is finitely generated, this condition is equivalent 
to the injectivity of the canonical map to the Malcev group completion, k: G ^ 9Jf(G,k). The 
following result, which is a combination of Theorem 8.5 and Corollaries 8.6 and 8.8. 

Theorem 1.6. Let G be a finitely generated group G. Then: 

(1) G is filtered-formal if and only ifG has a Taylor expansion G —> gr(kG). 

(2) G is \-formal if and only ifG has a Taylor expansion and gr(kG) is a quadratic algebra. 

(3) G has an injective Taylor expansion if and only ifG is residually torsion-free nilpotent and 
filtered-formal. 

Combining this theorem with our other results on filtered formality, we conclude that the exis¬ 
tence of a Taylor expansion is preserved under field extensions, finife producfs and coproducfs, splif 
injecfions, nilpofenf quofienfs, and solvable quofienfs of groups. In particular, if a finilely generafed 
group G has a Taylor expansion over C, fhen if also has a Taylor expansion over Q. 

1.6. Derived series and Lie algebras. In §9, we investigate some of fhe relafionships befween 
fhe lower cenfral series and derived series of a group, on one hand, and fhe derived series of fhe 
corresponding Eie algebras, on fhe ofher hand. 

In [14], Chen sfudied fhe lower cenfral series quofienfs of fhe maximal mefabelian quofienf of a 
finilely generated free group, and compufed fheir graded ranks. More generally, following Papadima 
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and Suciu [63], we may define the Chen Lie algebras of a group G as the associated graded Lie 
algebras of its solvable quotients, gr(G/G*^'^; k). Our next theorem (which combines Theorem 9.3 
and Corollary 9.5) sharpens and extends the main result of [63]. 

Theorem 1.7. Let G be a finitely generated group. For each i > 2, the quotient map G -» GjG^'^ 
induces a natural epimorphism of graded k.-Lie algebras, 

: gr(G; k)/ gr(G; k)®-^ gr(G/G(® k) . 

Moreover, 

(1) If G is a filtered-formal group, then each solvable quotient GIG^‘^ is also filtered-formal, 
and the map is an isomorphism. 

(2) IfG is a l-fornial group, then t)(G; k)/f)(G; k)® = gr(G/G®;k). 

Given a finitely presented group G, the solvable quotients G/G'-'^ need not be finitely presented. 
Thus, finding presentations for the Chen Lie algebra gr(G/G*^'^) can be an arduous task. Never¬ 
theless, Theorem 1.7 provides a method for finding such presentations, under suitable formality 
assumptions. The theorem can also be used as an obstruction to 1-formality. 

1.7. Nilpotent groups and Lie algebras. Our techniques apply especially well to the class of 
finitely generated, torsion-free nilpotent groups. Carlson and Toledo [11] studied the 1-formality 
properties of such groups, while Plantiko [69] gave a sufficient conditions for such groups to be non- 
graded-formal. For nilpotent Lie algebras, the notion of filtered-formality has been studied by Leger 
[48], Comulier [16], Kasuya [40], and others. In particular, Comulier [16] proves that the systolic 
growth of a finitely generated nilpotent group G is asymptotically equivalent to its growth if and 
only if the Malcev Lie algebra m(G;k) is filtered-formal (or, ‘Carnot’), while Kasuya [40] shows 
that the variety of fiat connections on a filtered-formal (or, ‘naturally graded’), n-step nilpotent Lie 
algebra has a singularity at the origin cut out by polynomials of degree at most n + 1. 

We investigate in §10 the filtered formality of nilpotent groups and Lie algebras. The next result 
combines Theorem 10.4 and Proposition 10.9. 

Theorem 1.8. Let G be a finitely generated, torsion-free nilpotent group. 

(1) Suppose G is a 2-step nilpotent group with torsion-free abelianization. Then G is filtered- 
formal. 

(2) Suppose G is filtered-formal. Then the universal enveloping algebra t7(gr(G;k)) is Koszul 
if and only if G is abelian. 

As mentioned previously, nilpotent quotients of finitely generated filtered-formal groups are 
filtered-formal. In particular, each n-step, free nilpotent group FfT„F is filtered-formal. A clas¬ 
sical example is the unipotent group Uni2.), which is known to be filtered-formal by Lambe and 
Priddy [44], but not graded-formal for n > 3. 

In [16], Comulier showed that the filtered-formality of a finite-dimensional nilpotent Lie algebra 
is independent of the ground field, thereby answering a question of Johnson [39]. Theorem 1.1, 
which holds in a much more general context, allows us to recover this result, see Corollary 10.3. 

1.8. Further applications. We end in §11 with a detailed study of fundamental groups of (ori- 
entable) Seifert fibered manifolds from a rational homotopy viewpoint. Starting from the minimal 
model of such a manifold M, as described in [72], we find a presentation for the Malcev Lie algebra 



FORMALITY PROPERTIES OF FINITELY GENERATED GROUPS AND LIE ALGEBRAS 


7 


m(7ri(M); k), and we use this information to derive a presentation for gr(7ri(M);k). As an applica¬ 
tion, we show that Seifert manifold groups are filtered-formal, and determine precisely which ones 
are graded-formal. The techniques developed here have been used in [66] to prove a more general 
result about the filtered formality of Sasakian groups. 

This work was motivated in good part by the papers [2, 10] of Etingof et al. on the triangular and 
quasi-triangular groups, also known as the (upper) pure virtual braid groups. In [79], we apply the 
techniques developed in this paper to study the formality properties of such groups. Related results 
for the McCool groups (also known as the welded pure braid groups) and other braid-like groups 
are given in [81, 78]. 


2. Filtered and graded Lie algebras 

In this section we study the interactions between filtered Lie algebras, their completions, and 
their associated graded Lie algebras, mainly as they relate to the notion of filtered formality. 

2.1. Graded Lie algebras. We start by reviewing some standard material on Lie algebras, follow¬ 
ing the exposition from the works of Ekedahl and Merkulov [22], Polishchuk and Positselski [70], 
Quillen [73], and Serre [76]. 

Fix a ground field k of characferisfic 0. Lef g be a Lie algebra over k, i.e., a k-vecfor space g 
endowed wifh a bilinear operation [, ]: g x g —> g salisfying fhe Lie identifies. We say fhaf g is a 
graded Lie algebra if g decomposes as g = ^ g,- and fhe Lie brackef sends g,- x gy fo g,+y, for all 

i and j. A morphism of graded Lie algebras is a k-linear map ^: g ^ I) which preserves fhe Lie 
brackefs and fhe degrees. In particular, ip induces k-linear maps cpi: g, —> hi for all / > 1. 

The mosf basic example of a graded Lie algebra is consfrucfed as follows. Lef V a k-vecfor space. 
The fensor algebra T(V) has a nafural Hopf algebra sfrucfure, wifh comulfiplicafion A and counif e 
the algebra maps given by A(v) = v®l-i-l®v and e(v) = 0, for v e V. The free Lie algebra on V 
is the set of primitive elements, i.e., 

(1) lie(y) - [a e T(V) | A(x) - a ® 1 -f 1 ® x), 

with Lie bracket [a, y] - x®y - y ® x and grading induced from T{V). 

A Lie algebra g is said to he finitely generated if there is an epimorphism p: lie(y) —> g for some 
finite-dimensional k-vector space V. If, moreover, the Lie ideal r = ker p is finitely generated as a 
Lie algebra, then g is called finitely presented. 

Now suppose all elements of V are assigned degree 1 in T{V). Then the inclusion l \ Ite(y) —> 
T{V) identifies lieKL) wifh TfV) = V. Furfhermore, i maps Iie 2 (y) fo T 2 {V) = P ® P by sending 
[v, w] fo V ® w - w ® V for each v, w € P; we fhus may identify Iie 2 (P) = P A P by sending [v, w] fo 
V A W. 

If g = Iie(P)/r, wifh P a (finife-dimensional) vector space concenfrafed in degree I, fhen we 
say g is (finitely) generated in degree I. If, moreover, fhe Lie ideal r is homogeneous, fhen g is a 
graded Lie algebra. In particular, if g is finifely generafed in degree 1 and fhe homogeneous ideal r 
is generafed in degree 2, fhen we say g is a quadratic Lie algebra. The nexf lemma is sfandard; we 
include a quick proof for completeness. 

Lemma 2.1. Let p: q ^ Qbe an endomorphism a graded Lie algebra. Suppose g is finitely gener¬ 
ated in degree 1, and the restriction p\ \ ^ gi is an isomorphism. Then p is an isomorphism. 
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Proof. Since g is generated in degree 1, and since is an isomorphism, each linear map (Pn' Qn ^ 
Qn is surjective. Furthermore, since g is finitely generated, we have that dim(g„) < cm, for all n > 1. 
Hence, each map cpn is an isomorphism, and thus cp itself is an isomorphism. □ 

2.2. Filtrations. We will be very much interested in this work in Lie algebras endowed with a 

filtration, usually but not always enjoying an extra ‘multiplicative’ property. At the most basic level, 
n filtration on a Lie algebra g is a nested sequence of Lie ideals, g = ^ig D ^ . 

A well-known such filtration is the derived series, ,^,g = defined by = g and g^'^ = 

for i > 1. The derived series is preserved by Lie algebra maps. The quofienf Lie 
algebras g/g^'^ are solvable; moreover, if g is a graded Lie algebra, all fhese solvable quofienfs 
inherif a graded Lie algebra sfrucfure. 

The exisfence of a fillralion on a Lie algebra g makes g info a fopological vector space, by 
defining a basis of open neighborhoods of an elemenf x e g fo be {x -i- The facf fhaf each 

basis neighborhood ^j-g is a Lie subalgebra implies fhaf fhe Lie brackef map [, ]: g x g ^ g is 
confinuous; fhus, g is, in facf, a fopological Lie algebra. We say fhaf g is complete (respecfively, 
separated) if fhe underlying fopological vecfor space enjoys fhose properfies. 

Given an ideal o c g, fhere is an induced filfralion on if, given by - ’^kQ Fi a. Likewise, 
fhe quofienf Lie algebra, g/a, has a nafurally induced filfralion wilh terms .!^kQl■^^kO- Lef a be fhe 
closure of a in fhe filfralion topology. Then a is a closed ideal of g. Moreover, by fhe conlinuily of 
fhe Lie brackef, we have fhaf 

(2) M = M. 

Finally, if g is complete (or separaled), Ihen g/ci is also complele (or separaled). 

2.3. Completions. For each j > k, fhere is a canonical projeclion g/.^jg ^ g/=^/t9> compafible 
wilh fhe projeclions from g lo ils quofienf Lie algebras g/#jtg. The completion of fhe Lie algebra g 
wilh respecl to fhe filfralion is defined as fhe limif of Ihis inverse syslem, i.e., 

00 

(3) ? := Im Qjfi^kQ = {(gi,g 2 ,...) e ]~[ g/,^,g | gj = gk mod ,^kQ for all j > k\. 

k i=l 

Using fhe facf fhaf ^kif) is an ideal of g, if is readily seen fhaf"g is a Lie algebra, wilh Lie brackef 
defined componenlwise. Furlhermore,’g has a nalural inverse limif filfralion, given by 

(4) ^^9 ’^kQ = = {{gugi, ...) eg" I g; = 0 for all / < k}. 

i>k 

Note fhaf #jt 9 ^ = J^kQ, and so each lerm of fhe fillralion is a closed Lie ideal ofgi Furlhermore, 
fhe Lie algebra "g, endowed wilh Ihis fillralion, is bolh complele and separated. 

Lef i: g ^ g" be fhe canonical map to fhe complelion. Then i is a morphism of Lie algebras, 
preserving fhe respeclive filfralions. Clearly, ker(f) = njt>i ^A:9- Hence, i is injeclive if and only if 
g is separaled. Furlhermore, l is surjeclive if and only if g is complete. 

2.4. Filtered Lie algebras. A. filtered Lie algebra (over the field k) is a Lie algebra g endowed with 
a k-vector filtration {.l^kf\k>i satisfying the ‘multiplicativity’ condition 


( 5 ) 


[^rQ, <^s9] £ ^r+s9 
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for all r, 5 > 1. Obviously, this condition implies that each subspace is a Lie ideal, and so, in 
particular, is a Lie algebra filtration. Let 

(6) gr'^(g) := ^^^g/^yt+i9- 

k>l 

be the associated graded vector space to the filtration ^ on g. Condition (5) implies that the Lie 
bracket map on g descends to a map [, ]: gr'^(g) x gr'^(g) —> gr'^(g), which makes gr'^(g) into a 
graded Lie algebra, with graded pieces given by decomposition (6). 

If g is a filtered Lie algebra, then its completion, is again a filtered Lie algebra. Indeed, if ^ is 
the given multiplicative filtration on g, and ^ is the completed filtration on’g^, then also satisfies 
properfy (5). 

A morphism of filfered Lie algebras is a linear map g ^ h preserving Lie brackefs and 
fhe given filfrafions, ^ and Such a morphism induces morphisms befween fhe respecfive 
nilpofenf quofienfs, tpk'- Ql-^k+\Q —> h/^^yt+if). and a morphism of associated graded Lie algebras, 
gr(^): gT^(Q) gr^(I)). _ 

By consfrucfion, fhe canonical map fo fhe completion, t: g —> g, is a morphism of filtered Lie 
algebras. If is readily seen fhaf fhe induced morphism, gr(i): gr'^(g) —> is an isomorphism. 

Moreover, if g is bofh complefe and separafed, fhen fhe map l: q ilself is an isomorphism of 
tillered Lie algebras. 

Lemma 2.2. Let tp: q ^ 1) be a morphism of complete, separated, filtered Lie algebras, and suppose 
gfiip) : gr'^(g) —> is an isomorphism. Then ip is also an isomorphism. 

Proof. By assumption, fhe homomorphisms gXf^{p)\ J^kQl^k+iQ are isomorphisms, 

for all k > 1. An easy induction on k shows fhaf all maps pt ■ Ql^k+\Q h/^^+if) are isomorphisms. 
Therefore, fhe map ^: "g —> f) is an isomorphism. On fhe ofher hand, bofh g and f) are complefe and 
separated, and so g = "g and h - h- Hence p = p, and we are done. □ 

2.5. The degree completion. Any Lie algebra g comes equipped wifh a lower cenfral series (LCS) 
tilfrafion, {r<.(g))i:>i, defined by ri(g) = g and ri.(g) = [ri:_i(g), g] for k > 2. Clearly, fhis is a 
mulfiplicafive tilfrafion. Any ofher such tilfrafion {■^k{f)]k<\ on g is coarser lhan fhis tilfrafion; fhaf 
is, r^-g c ,^^g, for all k > 1. Any Lie algebra morphism p\ q ^ preserves LCS tilfrafions. 
Furthermore, fhe quofienf Lie algebras g/F^g are nilpofenf. For simplicily, we shall write gr(g) 
gr^(g) for fhe associafed graded Lie algebra and "g for fhe completion of g wifh respecf fo fhe LCS 
tilfrafion F. Furthermore, we shall lake F<: = F*^ as fhe canonical tilfrafion on’J 

Every graded Lie algebra, g = ®,>i g/> has a canonical decreasing tilfrafion induced by fhe 
grading, ^^jtg = Qi- Moreover, if g is generated in degree 1, fhen fhis tilfrafion coincides wifh 
the LCS filtration Fjt(g). In particular, the associated graded Lie algebra with respect to coincides 
with g. In this case, the completion of g with respect to the lower central series (or, degree) filtration 
is called the degree completion of g, and is simply denoted by’J It is readily seen that’g = Hisi 9/- 
Therefore, the morphism t: g —>’Jis injective, and induces an isomorphism g = gr'^Cg). Moreover, 
if h is a graded Lie subalgebra of g, then t) - h and 

(V) gr^(h) - h. 

Lemma 2.3. If & is a free Lie algebra generated in degree 1, and r is a homogeneous ideal, then 
the projection n': fi —> fi/r induces an isomorphism fi/f ^ £/r. 
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Proof. Without loss of generality, we may assume that r c [£,£]. The projection n: 2 ^ Qlx 
extends to an epimorphism between the degree completions, fi —> £/r. This morphism takes 
the ideal generated by r to 0; thus, by continuity, it induces an epimorphism of complete, filtered 
Lie algebras, £/f -» £/r. Taking associated graded, we obtain an epimorphism gr(7r): gr(£/f) -» 
gr(£/r) = £/r. This epimorphism admits a splitting, induced by the maps r„£ + r — > r„£ + f; thus, 
gr(^) is an isomorphism. The claim now follows from Lemma 2.2. □ 

2.6. Filtered formality. We now consider in more detail the relationship between a filtered Lie 
algebra g and the completion of its associated graded Lie algebra, gr(g), endowed with the inverse 
limit filtration. Note that both Lie algebras share the same associated graded Lie algebra, namely, 
gr(g). In general, though, g may not be isomorphic to gr(g). Of course, this happens if g is not 
complete or separated, but it may happen even in the case when g is a (finite-dimensional) nilpotent 
Lie algebra. We shall illustrate this point in Examples 10.5 and 10.6 below. 

The following definition will play a key role in the sequel. 

Definition 2.4. A complete, separated, filtered Lie algebra g is said to be filtered-formal if there is 
a filtered Lie algebra isomorphism g = gr(g) which induces the identity on associated graded Lie 
algebras. 

This notion appears in the work of Bezrukavnikov [7] and Hain [33], as well as in the work 
of Calaque-Enriquez-Etingof [10] under the name of ‘formality’, and in the work of Eee [47], 
under the name of ‘weak-formality’. The reasons for our choice of terminology will become more 
apparent in §6. 

If g is a filtered-formal Eie algebra, there exists a graded Eie algebra f) such that g is isomorphic 
to h = n/>i I)i- Conversely, if g = f) is the completion of a graded Eie algebra h = hi. then g is 
filtered-formal. Moreover, if h has homogeneous presentation h = Ite(E)/r, with V finitely generated 
and concentrated in degree 1, then, by Lemma 2.3, the complete, filtered Lie algebra g = ni>i hr 
has presentation g = lk{V)/x. 

Lemma 2.5. Let q be a complete, separated, filtered Lie algebra. If there is a graded Lie algebra h 
and a Lie algebra isomorphism g = h preserving filtrations, then g is filtered-formal. 

Proof. By assumption, there exists a filtered Lie algebra isomorphism (f. g —> h- The map (p induces 
an isomorphism of graded Lie algebras, gr(^): gr(g) ^ h- In turn, the map := (gr(^))“t induces 
an isomorphism fi-. it) ^ gr(g) of completed Lie algebras. Hence, the composite ip := o p: q ^ 
gf(g) is an isomorphism of filtered Lie algebras inducing the identity on gr(g). The conclusion 
follows from Lemma 2.2. □ 

Corollary 2.6. Let q be a complete, separated, filtered Lie algebra, and suppose the associated 
graded Lie algebra gr(g) is finitely generated in degree 1. Furthermore, suppose there is a morphism 
of filtered Lie algebras, g ^ gf(g), such that gri(^) is an isomorphism. Then g is filtered-formal. 

Proof. By Lemma 2.1, the map gr(^): gr(g) —> gr(g) is an isomorphism. By Lemma 2.2, the map 
(p itself is an isomorphism. The conclusion follows from Lemma 2.5. □ 

2.7. Descent of filtered formality. We now show that filtered-formality is compatible with exten¬ 
sion of scalars, and, more importantly, that filtered formality enjoys a descent property, under some 
mild finiteness assumptions. As usual, all the ground fields will be of characferisfic 0. We sfarf wifh 
an easy lemma. 
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Lemma 2.7. Let Qbe a filtered-formal k-Lie algebra, and letk c Kbe a field extension. Then the 
K-Lie algebra g K is also filtered-formal. 

Proof. Follows from the fact that completion commutes with tensor products. □ 

The proof of the next result is based on recent work of Enriquez [23] and Maassarani [52]. 
The key tool is Proposition 7.6 from [23], which in turn was inspired by work of Drinfeld [20]. 
The structure of the proof follows to a large extent the approach from [52], where a particular 
example (the Malcev Lie algebra of the fundamental group of the orbit configuration space of a 
finite subgroup of PSL 2 (C) acting on CP^) is treated. 

Theorem 2.8. Let Qbe a complete, separated, filtered k-Lie algebra such that gr(g) is finitely gen¬ 
erated in degree 1. IfkcKis afield extension, then g is filtered-formal if and only if the K-L/e 
algebra g (8k K is filtered-formal. 

Proof. The forward implication follows at once from Lemma 2.7. Lor the backward implication, 
suppose g®klK is filtered-formal over K. Again in view of Lemma 2.7, we may assume without loss 
of generality that k = Q and K = K. 

Set h = gr(g), and let {‘^k}k>i be the inverse limit filtration on h, coming from the degree filtration 
on gr(g). Clearly, gr(f)) = gr(g)- Lor simplicity, let us write g' = Ql^i+\Q and h* = h/i^+ih for the 
respective quotient Lie algebras. As noted in [52, Lem. 6.1], the image of ,^k(g) in 9* is r^:(g'). In 
particular, g' is canonically isomorphic to the abelianizations of all g' and of g. A similar statement 
holds for h- 

Lor each / > 1, let Tj = Isoi(g',f)') be the affine Q-scheme of filfrafion-preserving Lie algebra 
isomorphisms from g' fo h' inducing fhe idenfify on abelianizafions. As shown in [52, Prop. 6.2], 
these schemes form in natural way an inverse system; let T = Im T,-. Similarly, let Uj - Auti(g') 

be the unipotent Q-group of automorphisms of g' inducing the identity on abelianization, and let 
U = lim Ui be the corresponding prounipotent Q-group scheme. It is then readily seen that each Ui 
is a torsor under the natural left action of Ti, i.e., the action of f7,(k) on r,(k) is free and transitive 
whenever Q c k is a field extension such that r,(k) is non-empty. Lurthermore, as noted in [52, 
Prop. 6.6], the 17,-actions on the torsors T, are compatible with the canonical projections; thus, T is 
also a torsor under the action of U. 

By assumption, g 8q K is filtered-formal. In view of Corollary 2.6, this condition is equivalent 
to the existence of a filtered Lie algebra isomorphism g 8 q K —> h ®Q inducing the canonical 
identification g' 8q K = 1)^ ®q K. That is, our assumption is equivalent to the fact that r(K) 7^ 0. It 
remains to show that T (Q) 0. 

In the case K = C, this claim follows at once from Proposition 7.6 in [23]. The proof of that 
proposition involves two steps: first a descent from C to Q, and then a descent from Q to Q. To 
handle an arbitrary extension Q c K, we only need to modify the first step, and descend from 
K = K to Q. This is done by means of the same type of Hilbert’s Nullstellensatz argument as the 
one sketched in [23]; we refer to the proof of Corollary 5.8 from [61] for more details on how such 
an argument works. □ 

As we shall see in Corollary 10.3, the above theorem generalizes a recent result of Cornulier 
(Theorem 3.14 from [16]). 
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2.8. Products and coproducts. The category of Lie algebras admits both products and coprod¬ 
ucts. We conclude this section by showing that filtered formality behaves well with respect to these 
operations. 

Lemma 2.9. Let in and n be two filtered-formal Lie algebras. Then in x n is also filtered-formal. 

Proof. By assumption, there exist graded Lie algebras g and h such that m = "g = n!>i 
n = h - riisi We then have 

(8) m X n = (]~[ g/) X (]~[ 1),) ^ ]~[(g, x 1),) ^ g x 1). 

i>l i>l i>l 

Hence, in x n is filtered-formal. □ 

Now let * denote the usual coproduct (or, free product) of Lie algebras, and let * be the coproduct 
in the category of complete, filtered Lie algebras. By definition, 

(9) Tn*n= inTn = lim(in * n)/ri:(m * n). 

k 

We refer to Lazarev and Markl [46] for a detailed study of this notion. 

Lemma 2.10. Let m and n be two filtered-formal Lie algebras. Then in $ n w also filtered-formal. 

Proof. As before, write m = "g and n = I)^ for some graded Lie algebras g and f). The canon¬ 
ical inclusions, a: g ^ m and /?: 1) n, induce a monomorphism of filtered Lie algebras, 
a */3: g * I) —> inTn. Using [46, (9.3)], we infer that the induced morphism between associated 
graded Lie algebras, gr(cr * f ): gr(g * h) ^ gr(TnTn), is an isomorphism. Lemma 2.2 now im¬ 
plies that a * yS is an isomorphism of filtered Lie algebras, thereby verifying the filtered-formality of 
m $ n. □ 


3. Graded algebras and Koszul duality 

The notions of graded and filtered algebras are defined complefely analogously for an (associa¬ 
tive) algebra A: fhe mulfiplicafion map is required fo preserve fhe grading, respecfively fhe filfrafion 
on A. In fhis section we discuss several relafionships befween Lie algebras and associafive algebras, 
focussing on fhe nofion of quadrafic and Koszul algebras. 

3.1. Universal enveloping algebras. Given a Lie algebra g over a field k of characferisfic 0, lef 
f7(g) be ifs universal enveloping algebra. This is fhe filfered algebra obfained as fhe quofienf of fhe 
fensor algebra T (g) by fhe (fwo-sided) ideal 1 generafed by all elemenfs of fhe form a®b-b®a-\a, 6] 
wifh a,b € Q. By fhe Poincare-Birkhoff-Witt fheorem, fhe canonical map i: g ^ f7(g) is an 
injection, and fhe induced map, Sym(g) ^ gr(f7(g)), is an isomorphism of graded (commufafive) 
algebras. In fhis section, all fensor producfs are over k. 

Now suppose g is a finifely generafed, graded Lie algebra. Then U (g) is isomorphic (as a graded 
vecfor space) fo a polynomial algebra in variables indexed by bases for fhe graded pieces of g, wifh 
degrees sef accordingly. Hence, ifs Hilbert series is given by 

Hilb(U(g),0 - ]~[(1 - 

i>l 


( 10 ) 
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For instance, if g = lie(F) is the free Lie algebra on a finite-dimensional vector space V with all 
generators in degree 1, then dim(g;) = j where n - dimF and yu: N —> {-1,0,1) is 

the Mdbius function. 

Finally, suppose g = Iie(F)/r is a finitely presented, graded Lie algebra, with generators in degree 
1 and relation ideal r generated by homogeneous elements gi,..., gm. Then f7(g) is the quotient of 
T{V) by the two-sided ideal generated by i{g\), ..., L{gm), where l : lie(F) T{V) is the canonical 
inclusion. In particular, if g is a quadratic Lie algebra, then U (g) is a quadratic algebra. 

3.2. Quadratic algebras. Now let A be a graded k-algebra. We will assume throughout that A is 

non-negatively graded, i.e., A = connected, i.e., Aq = k. Every such algebra may 

be realized as the quotient of a tensor algebra T{V) by a homogeneous, two-sided ideal /. We will 
further assume that dim F < oo. 

An algebra A as above is said to be quadratic if Ai = V and the ideal 7 is generated in degree 2, 
i.e., 7 = (72), where I 2 = I C\{V ® V). Given a quadratic algebra A = T{V)II, identify F* (g) F* = 
(F ® F)*, and define fhe quadratic dual of A fo be fhe algebra 

(11) a’ = r(F*)/7-", 

where c T{V*) is fhe ideal generated by fhe vector subspace 7^ := {a e F* ® F* | aih) = 0). 
Clearly, A' is again a quadrafic algebra, and (A')' = A. 

For any graded algebra A = T{V)jl, we can define a quadrafure closure A = T{V)l{h)- 

Proposition 3.1. Let g be a finitely generated graded Lie algebra generated in degree 1. There is 
then a unique, functorially defined quadratic Lie algebra, g, such that 7/(g) = U (g). 

Proof. Suppose g has presentation Iie(F)/r. Then 7/(g) has a presentation r(F)/(t(r)). Set g = 
Iie(F)/(r 2 >, where 12 = r n Iie 2 (F); then 7/(g) has presentation T{V)I{l(x 2 )). One can see that 
t(r 2 ) = i(r) n F ® F. □ 

A commutative graded algebra (for short, a cga) is a graded k-algebra as above, which in addition 
is graded-commutative, i.e., if a e A; and b € Aj, then ab = {-If^ba. If all generators of A are in 
degree 1, then A can be written as A = /\{V)IJ, where is th® exterior algebra on the k-vector 
space F = Ai, and 7 is a homogeneous ideal in with J\ = 0. If, furthermore, J is generated in 
degree 2, then A is a quadratic cga. The next lemma follows straight from the definitions. 

Lemma 3.2. Let W c V A V be a linear subspace, and let A = corresponding 

quadratic cga. Then A' - T{V*)j{i{W'^)), where 

(12) IF'" {a € F* A F* I a{W) - 0) - n (F* A F*), 

and i: F* A F* ^ F* ® F* is the inclusion map, given by xAy\-^x®y-y®x. 

For instance, if A = A(i^)> A' = Sym(F*). Likewise, if A = A(i^)/(^ A F) = k 0 F, then 
A' = r(F*)- 

3.3. Holonomy Lie algebras. Let A be a commutative graded algebra. Recall we are assuming that 
Ao = k and dim A] < 00 . Because of graded-commutativity, the multiplication map Ai ® Ai ^ A 2 
factors through a linear map pa'- M A A\ A 2 . Dualizing this map, and identifying (Ai A Ai)* = 
A* A AA we obtain a linear map, 

(13) dA = (TiAr-Al^A\AA\. 

Finally, identify A* A A* with Iie 2 (Ap via the map x A y 1 -^ [x,y]. 
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Definition 3.3. The holonomy Lie algebra of A is the quotient 

(14) h(A)-Ite(Ap/(im5A> 

of the free Lie algebra on A j by the ideal generated by the image of Oa under the above identification. 
Alternatively, using the notation from (12), we have that 

(15) h(A) = Iie(At)/(ker(;rA)''>. 

By construction, h(A) is a quadratic Lie algebra. Moreover, this construction is functorial: if 
(p: A B is a morphism of cgas as above, the induced map, Iie(^p: Ite(Bp —> Iie(Ap, factors 
through a morphism of graded Lie algebras, : f)(B) —^ f)(A). Moreover, if p is injective, then 
is surjective. 

Clearly, the holonomy Lie algebra f)(A) depends only on the information encoded in the mul¬ 
tiplication map yUA : Ai A Ai —> A 2 . More precisely, let A be the quadratic closure of A, defined 
as 

(16) A - f\{A,)l{K), 

where K = kerfpA) c Ai A Ai. Then A is a commufafive, quadratic algebra, which comes equipped 
wifh a canonical homomorphism < 7 : A —> A, which is an isomorphism in degree 1 and a monomor¬ 
phism in degree 2. If is readily verified fhaf fhe induced morphism befween holonomy Lie algebras, 
f)(A) —> I)(A), is an isomorphism. 

The following proposition is a slighf generalizafion of a resulf of Papadima-Yuzvinsky [67, 
Lemma 4.1]. 

Proposition 3.4. Let A be a commutative graded algebra. Then U (f)(A)) is a quadratic algebra, 
and t/(f)(A)) - A^ 

Proof. By fhe above, A = f\{A\)l{K), where K - (ker(yUA))- On fhe ofher hand, by (15) we have 
fhaf h(A) - Iie(Ap/(i«:^>. Hence, by Lemma 3.2, U{\){A)) = T{V*)l{i{K'^)) = A’. □ 

Combining Propositions 3.1 and 3.4, we obfain fhe following corollary, which expresses fhe 
quadrafic closure of a Lie algebra as fhe holonomy Lie algebra of a cerfain quadrafic algebra. 

Corollary 3.5. Let q be a finitely generated graded Lie algebra generated in degree 1. Then 

^{Tm) = Q. 

Work of Ldfwall [51, Thm. 1.1] yields anofher inferprefafion of fhe universal enveloping algebra 
of fhe holonomy Lie algebra. 

Proposition 3.6 ([51]). Let Ext^(k, k) = ® ,>o Extjj(k, k),- be the linear strand in the Yoneda algebra 
of A. Then U{l){A)) = Ext^(k,k). 

In particular, the graded ranks of the holonomy Eie algebra h = h(A) are given by n«>i(l ~ 
t")dim(t)») ^ Y.i>obiit’, where bu = dimkExt^(k,k),'. 

The next proposition shows that every quadratic Eie algebra can be realized as the holonomy Eie 
algebra of a (quadratic) algebra. 

Proposition 3.7. Let q be a quadratic Lie algebra. There is then a commutative quadratic algebra 
A such that g = I)(A). 
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Proof. By assumption, (3 has a presentation of the form where W is a linear subspace of 

1/ A K Define A - Then, by (15), 

(17) h(A) - Iie((r)*)/((WA''> = Iie(T)/(W>, 

and this completes the proof. □ 

3.4. Koszul algebras. Any connected, graded algebra A = ^.^qA,- has afree, graded A-resolution 
of the trivial A-module k, 

(18) ---k. 

Such a resolution is said to be minimal if all the nonzero entries of the matrices have positive 
degrees. 

A Koszul algebra is a graded algebra for which the minimal graded resolution of k is linear, or, 
equivalently, ExtA(k, k) = Ext^(k, k). Such an algebra is always quadratic, but the converse is far 
from true. If A is a Koszul algebra, then the quadratic dual A' is also a Koszul algebra, and the 
following ‘Koszul duality’ formula holds: 

(19) Hilb(A, t) ■ Hilb(A', -t) - 1. 

Eurthermore, if A is a graded algebra of the form A = T{V)II, where I is an ideal admitting a 
(noncommutative) quadratic Grdbner basis, then A is a Koszul algebra (see [30] by Erdberg). 

Corollary 3.8. Let Abe a connected, commutative graded algebra. If A is a Koszul algebra, then 
Hilb(A, -t) ■ Hilb(f/(f)(A)), t) - 1. 

Example 3.9. Consider the quadratic algebra A = /\{u\,U 2 ,u-i,uf)l{u\U 2 - M 3 M 4 ). Clearly, we 
have Hilb(A,t) = 1 + 4t + Sf. If A were Koszul, then formula (19) would give Hilb(A',t) = 
1 + At + 11 A + 24A + 41A + 44A - 29A + • • •, which is impossible. 

Example 3.10. The quasitriangular Eie algebra qtr„ defined in [2] is generafed by Xij, 1 < i j < n 
wifh relafions [xij,Xit\ + [xij,Xjt\ + [xik,Xjt\ - 0 for disfincf i,j,k and [xij,Xki] = 0 for disfincf 
i, j, k, 1. The Eie algebra fr„ is fhe quofienf Eie algebra of qtr„ by fhe ideal generafed by Xij + xji for 
disfincf i + j. In [2], Bartholdi el al. show lhaf fhe quadrafic dual algebras f7(qtr„)' and f7(tr„)' are 
Koszul, and compule fheir Hilberl series. They also sfale fhal neilher qtr„ nor tr„ is fillered-formal 
for n> A, and skelch a proof of Ihis facf. We will provide a delailed proof in [79]. 

4. Minimal models and (partial) formality 

In Ibis secfion, we discuss fwo basic nolions in non-simply-connecfed rafional homofopy fheory: 
fhe minimal model and fhe (parfial) formality properfies of a differenlial graded algebra. 

4.1. Minimal models of dgas. We follow fhe approach of Sullivan [83], Deligne el al. [18], and 
Morgan [60], as furlher developed by Eelix ef al. [25, 26], Griffilhs and Morgan [31], Halperin and 
Slasheff [35], Kohno [41], and Macinic [53]. We slarl wifh some basic algebraic notions. 

Definition 4.1. A differential graded algebra (for shorl, a dga) over a field k of characferisfic 0 is 
a graded k-algebra A* = equipped wifh a differential d'. A —> A of degree 1 satisfying 

ab - (-l)'”” 6 a and d{ab) - d{a) ■ b + • d{b) for any a € A"* and b e A”. We denote fhe 

DGA by (A*, d) or simply by A* if Ihere is no confusion. 
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A morphism f: A* ^ B* between two dga’s is a degree zero algebra map which commutes with 
the differentials. A Hirsch extension (of degree i) is a dga inclusion a : (A*, (Ia) (A* ® d), 

where V is a k-vector space concentrated in degree i, while AC'^) is ih® graded-commutative 
algebra generated by V, and d sends V into We say this is Si finite Hirsch extension if dim V < 
oo. Note that all tensor product in this section is over k, hence we will denote ® for short. 

We now come to a crucial definition in rational homotopy theory, due to Sullivan [83]. 

Definition 4.2. A dga {A*,d) is called minimal if A** = k, and the following two conditions are 
satisfied: 

(1) A* = where Aq = k, and Ay is a Hirsch exfension of Ay_i, for all j > 0. 

(2) The differential is decomposable, i.e., dA* c A'*' A A'*', where A”^ = ®,>i 

The firsl condifion implies fhaf A* has an increasing, exhausting filfrafion by fhe sub-DGA’s A*; 
equivalenfly. A* is free as a graded-commufafive algebra on generafors of degree > 1. (Nofe fhaf we 
use fhe lower-index for fhe filfrafion, and fhe upper-index for fhe grading.) The second condifion is 
aufomafically safisfied if A is generafed in degree 1 . 

Two DGAS A* and B* are said fo be quasi-isomorphic if fhere is a morphism f\ A ^ B inducing 
isomorphisms in cohomology. The fwo dgas are called weakly equivalent (wriffen A - B) if fhere 
is a sequence of quasi-isomorphisms (in eifher direcfion) connecting fhem. Likewise, for an infeger 
i > 0, we say fhaf a morphism /: A ^ B is an i-quasi-isomorphism if f* : HfiA) (B) is an 

isomorphism for each j < i and : W^^{A) H'"^^{B) is injective. Furthermore, we say fhaf A 

and B are i-weakly equivalent (A B) if fhere is a zig-zag of /-quasi-isomorphism connecting A fo 
B. 

The nexf fwo lemmas follow sfraighf from fhe definifions. 

Lemma 4.3. Any dga morphism (p\ (A,dA) —> (B,dB) extends to a dga morphism of Hirsch exten¬ 
sions, f : (A, dA) ® AW ^b) ® Atv)> provided that d(y) = (p{d{x)). Moreover, iff is a (quasi-) 

isomorphism, then so is f. 

Lemma 4.4. Let a: A ^ B be the inclusion map of Hirsch extension of degree i -v 1. Then a is an 
i-quasi-isomorphism. 

Given a dga A, we say fhaf anofher dga B is a minimal model for A if B is a minimal dga and fhere 
exisfs a quasi-isomorphism /: B ^ A. Likewise, we say fhaf a minimal dga B is an i-minimal model 
for A if B is generafed by elemenfs of degree af mosf i, and fhere exisfs an i-quasi-isomorphism 
f-.B^A. A basic resulf in rafional homofopy fheory is fhe following exisfence and uniqueness 
fheorem, firsf proved for (full) minimal models by Sullivan [83], and in full generalify by Morgan 
in [60, Thm. 5.6]. 

Theorem 4.5 ([60, 83]). Each connected dga (A, d) has a minimal model .JT(A), unique up to iso¬ 
morphism. Likewise, for each i > 0, there is an i-minimal model .Jf(A, i), unique up to isomorphism. 

If follows from fhe proof of Theorem 4.5 fhaf fhe minimal model .JL{A) is isomorphic fo a 
minimal model builf from fhe /-minimal model .M(A, i) by means of Hirsch exfensions in degrees 
i 1 and higher. Thus, in view of Lemma 4.4, .JT{A) .Jf{A, i). 
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4.2. Minimal models and holonomy Lie algebras. Let ^ - {^*,d) be a minimal dga over k, 
generated in degree 1. Following [60, 41], let us consider the filtration 

(20) k = (z Jit z ■ ■ ■ z Ji = y^Jii, 

i 

where is the subalgebra of Ji generated by y € such that dx = 0, and Jii is the subalgebra 
of Ji generated by a e Ji^ such that dx € for / > 1. Each inclusion Jii-\ c Jii is a Hirsch 
extension of the form - Jii-\ ® where V,- ker(//^(./^_i) ^ Taking the 

degree 1 part of the filtration ( 20 ), we obtain the filtration 

(21) k - c c Jil c • • • c . 

Now assume each of the above Hirsch extensions is finite, i.e., dim(F;) < oo for all i. Using the 
fact that d{Vi) c J(i-\, we see that each dual vector space fi, = {Jil)* acquires the structure of a 
k-Lie algebra by setting 

(22) <[m*,v*],w> - Av*,r/w> 

for V, V, w € . Clearly, d{V \) = 0, and thus £i = (Fi )* is an abelian Lie algebra. Using the vector 

space decompositions Ji} = 0 V; and = Jif_^ 0 ® Vi) 0 /\^{Vi) we easily see 

that the canonical projection £,• -» £,_i (i.e., the dual of the inclusion map Jii) has kernel 

V*, and this kernel is central inside £,. Therefore, we obtain a tower of finite-dimensional nilpotent 
k-Lie algebras, 

(23) 0 ^-Cl - £2 ---- Vi ^ -. 

The inverse limit of this tower, £ = V{Ji), endowed with the inverse limit filtration, is a com¬ 
plete, filtered Lie algebra with the property that £/r,+i£ = £,-, for each / > 1. Conversely, from 
a tower of the form (23), we can construct a sequence of finite Hirsch extensions Jii as in (20). 
It is readily seen that the dga Jii, with differential defined by (22), coincides wifh fhe Chevalley- 
Eilenberg complex {/\(V*),d) associated fo fhe finife-dimensional Eie algebra £,• = £(.^), as in 
[37, Secfion VII]. In particular, 

(24) H*iJii) = H*i2i-k). 

The direcf limif of fhe above sequence of Hirsch extensions, ^ = IJ,- J^i, is a minimal k-DGA 
generated in degree 1, which we denofe by ^(2). We obfain in fhis fashion an adjoin! correspon¬ 
dence fhaf sends ^ fo fhe pronilpofenf Eie algebra 2{^) and conversely, sends a pronilpofenf Eie 
algebra £ fo fhe minimal algebra Ji{2). Under fhis correspondence, filfrafion-preserving dga mor- 
phisms Ji jY gel sen! fo filfrafion-preserving Eie morphisms 2{J') —> 2{Ji), and vice-versa. 

4.3. Positive weights. Eollowing Body ef al. [9], Morgan [60], and Sullivan [83], we say that a cga 

A* has positive weights if each graded piece has a vector space decomposition A' - with 

Ah" = 0 for a < 0, such that xy e for x € A'’“ and y e A^^. Eurthermore, we say that a 

DGA (A*, d) has positive weights if the underlying cga A* has positive weights, and the differential is 
homogeneous with respect to those weights, i.e., d{x) € for x € A'’". 

Now let d) be a minimal dga generated in degree one, endowed with the canonical filtration 
{Jii}i >0 constructed in (20), where each sub-DGA ^i given by a Hirsch extension of the form ^i-\ ® 
/\{Vi)- The underlying cga Ji* possesses a natural set of positive weights, which we will refer 
to as the Hirsch weights: simply declare V, to have weight i, and extend those weights to Ji* 
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multiplicatively. We say that the dga has positive Hirsch weights if the differential d is 

homogeneous with respect to those weights. If this is the case, each sub-noA also has positive 
Hirsch weights. 

Lemma 4.6. Let = {^*,d) be a minimal dga generated in degree one, with dual Lie algebra 
2. Then ^ has positive Hirsch weights if and only if 2 = gf(£). 

Proof As usual, write ^ = IJ with ® /\{Vi). Since ^ is generated in degree 

one, the differential is homogeneous with respect to the Hirsch weights if and only if d{Vs) c 
0 ,-,,=,V,At/.,forall 5 > 1. Passing now to the dual Lie algebra 2 = 2{^) and using formula 
(22), we see that this condition is equivalent to having {V* , P*] c for all i, j > 1. In turn, this 
is equivalent to saying that each Lie algebra £, is a graded Lie algebra with gr^(£,) = P^, for each 
k < i, which means that the filtered Lie algebra 2 = Im, £, coincides with the completion of its 
associated graded Lie algebra, gr(£). □ 

Remark 4.7. The property that the differential of ^ be homogeneous with respect to the Hirsch 
weights is stronger than saying that the Lie algebra 2 = 2{^) is filtered-formal. The fact that this 
can happen is illustrated in Example 10.2. 

Remark 4.8. If a minimal dga is generated in degree 1 and has positive weights, but these weights 
do not coincide with the Hirsch weights, then the dual Lie algebra need not be filtered-formal. This 
phenomenon is illustrated in Example 10.5: there is a finitely generated nilpotent Eie algebra m for 
which the Chevalley-Eilenberg complex ^{m) - A(^*) has positive weights, but those weights 
are not the Hirsch weights; moreover, in is not filtered-formal. 

4.4. Dual Lie algebra and holonomy Lie algebra. Let {B* ,d) be a dga, and let A = H*{B) be its 
cohomology algebra. Assume A is connected and dim A' < oo, and let /i: A^ A A^ ^ A^ be the 
multiplication map. By the discussion from §4.1, there is a 1-minimal model ^{B, 1) for our dga, 
unique up to isomorphism. 

A concrete way to build such a model can be found in [18, 31, 60]. The first two steps of this 
construction are easy to describe. Set Pi = A^ and define ^{B, l)i = A(^i)> with differential 
d = 0. Next, set P 2 = ker(ju) and define ^{B, 1)2 = A(^i ® ^ 2 ), with d\v 2 equal to the inclusion 
map P 2 ^ A^ A a'. 

Let 2{B) = 2{^{B, 1)) be the Lie algebra corresponding to the 1-minimal model of B. The next 
proposition, which generalizes a result of Kohno ([41, Lemma 4.9]), relates this Lie algebra to the 
holonomy Lie algebra f)(A) from Definition 3.3. 

Proposition 4.9. Let 0 : L ^ 2{B) be the morphism defined by extending the identity map of Pj* to 
the free Lie algebra L = Iie(Pp, and let J = kerlf). There exists then an isomorphism of graded 
Lie algebras, I)(A) = L/(7 n L 2 ), where f)(A) is the holonomy Lie algebra of A = H*{B). 

Proof Let gr(0): L ^ gr^(£(B)) be the associated graded morphism of f. Then the first graded 
piece grj(0): P] —> Pj* is the identity, while the second graded piece gr 2 (^) can be identified with 
the Lie bracket map P* A P* —> V^, which is the dual of the differential <i: P 2 —> Pi A Pi. Prom the 
construction of ^{B, 1 ) 2 , there is an isomorphism kerJ* = im//*. Since / n L 2 = ker(gr 2 (^)), we 
have that im/i* = / n L 2 , and the claim follows. □ 

4.5. The completion of the holonomy Lie algebra. Let A* be a commutative graded k-algebra 
with A° = k. Proceeding as above, by taking B = A and d = 0 so that H*{B) - A, we can construct 
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a 1-minimal model ^ = ^{A, 1) for the algebra A in a ‘formal’ way, following the approach 
outlined by Carlson and Toledo in [11]. (A construction of the full, bigraded minimal model of a 
CGA can be found in [35, §3].) 

As before, set = {,/\(y\),d = 0) where Vi = A^, and ^2 - (AC'^i ® where V 2 - 

ker(ju: a' A a' ^ A^) and d: 1^2 A is the inclusion map. After that, define inductively 

as ® where the vector space Vi fits into the short exact sequence 

(25) 0— ^Vi ——^imOu)—^0, 

while the differential d includes Vi into Vi A T,_i c ^i-\. In particular, the subalgebras ^i 
constitute the canonical filtration (20) of ^, and the differential d preserves the Hirsch weights on 
^. For these reasons, we call ^ = ^{A, 1) the canonical 1-minimal model of A. 

The next theorem relates the Lie algebra dual to the canonical 1-minimal model of a cga as above 
to its holonomy Lie algebra. A similar result was obtained by Markl and Papadima in [56]; see also 
Morgan [60, Thm. 9.4] and Remark 7.3. 

Theorem 4.10. Let A* be a connected cga with dimA^ < cxj. Let 2(A) := 2(^(A, 1)) be the Lie 
algebra corresponding to the canonical \-minimal model of A, and let I)(A) be the holonomy Lie 
algebra of A. There exists then an isomorphism of complete, filtered Lie algebras between 2(A) and 
the degree completion t)(A). 

Proof By Definition 3.3, the holonomy Lie algebra of A has presentation h(A) = L/r, where L = 
Iie(F*) and r is the ideal generated by im(yu*) c L 2 . It follows that, for each i > 1, the nilpotent 
quotient hK^) •= f)(A)/L+if)(A) has presentation L/(r -F r,+iL). 

Consider now the dual Lie algebra 2i(A) = 2(^i). By construction, we have a vector space 
decomposition, 2i(A) = FA The fact that d(Vs) c Fi A F^-i implies that the Lie bracket maps 
Fj A F^i onto FA for every 1 < 5 < /. In turn, this implies that fi/(A) is an /-step nilpotent, graded 
Lie algebra generated in degree 1, with gr_ 5 (£/(A)) = F* for s < i. 

Let r, be the kernel of the canonical projection ;r,: L -» £,(A). By the Hopf formula, there is 
an isomorphism of graded vector spaces between H2(2i(Ay, k) and r,/[L, r,], the space of (minimal) 
generators for the homogeneous ideal ly. On the other hand, H^(^i) = //^(fi,;k), by (24). Taking 
the dual of the exact sequence (25), we find that H2(2i(A)\ k) = im(/i*) 0 Vf^. We conclude that the 
ideal r,- is generated by im(ju*) in degree 2 and a copy of Vf^ in degree / -F 1 . 

Since gr 2 (r) = im(yu*), we infer that gL(L) = gri(r). Since 2i(A) is an /-step nilpotent 
Lie algebra, ®^>, gri(r,) = r,+iL. Therefore, r,+iL -F r = r,-. It follows that the identity map of 
L induces an isomorphism 2i(A) = hK^). for o^ch / > 1. Hence, fi(A) = I)(A), as filtered Lie 
algebras. □ 

Corollary 4.11. The graded ranks of the holonomy Lie algebra of a connected, graded algebra A 
are given by dimh/(A) = dim F/, where ^ = A ( ®,>i F) is the canonical \-minimal model of 
(A,d = 0). 

4.6. Partial formality and field extensions. The following notion, introduced by Sullivan in [83], 
and further developed in [18, 31, 53, 60], will play a central role in our study. 

Definition 4.12. A DGA (A*,d) over k is said to he. formal if there exists a quasi-isomorphism 
.jf(A) —> (H*(A),d = 0). Likewise, (A*,d) is said to be i-formal if there exists an /-quasi- 
isomorphism .M(A, i) —> (H*(A),d = 0). 
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In [53], Macinic studies in detail these concepts. Evidently, if A is formal, then it is /-formal, for 
all / > 0, and, if A is /-formal, then it is y-formal for every j < i. Moreover, A is 0-formal if and 
only if H^{A) = k. 

Lemma 4.13 ([53]). A dga {A*,d) is i-formal if and only if{A*,d) is i-weakly equivalent to H*{A) 
with zero differential. 

As a corollary, we deduce that /-formality is invariant under /-weakly equivalence. 

Corollary 4.14. Suppose A B. Then A is i-formal if and only ifB is i-formal. 

Given a dga (A, d) over a field k of characteristic 0, and a field extension k c K, let (A®K, r/(8)idK) 
be the corresponding dga over K. (If the underlying field k is understood, we will usually omit it 
from the tensor product A (8^ K.) The following result will be crucial for us in the sequel. 

Theorem 4.15 (Thm. 6.8 in [35]). Let (A*, dA) and (B*, ds) be two dgaa over k whose cohomology 
algebras are connected and of finite type. Suppose there is an isomorphism of graded algebras, 
f: H*{A) —> H*{B), and suppose f ® Mk: H*{A) ® K ^ H*{B) ® K can be realized by a weak 
equivalence between (A* g) K, ® idK) and (B* ® K, r/g ® idK). Then f can be realized by a weak 
equivalence between (A*,dA) and (B*, ds). 

This theorem has an important corollary, based on the following lemma. For completeness, we 
provide proofs for these results, which are stated without proof in [35]. 

Lemma 4.16 ([35]). A DGA (A*, Ja) with H*{A) of finite-type is formal if and only if the identity map 
of H*(A) can be realized by a weak equivalence between (A*, Ja) cind {H*{A), d = 0). 

Proof. The backwards implication is obvious. So assume (A*,dA) is formal, that is, there is a 
zig-zag of quasi-isomorphisms between {A*,dA) and {H*{A),d = 0). This yields an isomorphism 
in cohomology, (p\ H*{A) —> H*{A). The inverse of f defines a quasi-isomorphism between 
(H*{A),d = 0) and (H*(A),d = 0). Composing this quasi-isomorphism with the given zig-zag 
of quasi-isomorphisms defines a new weak equivalence between (A*, Ja) and {H*(A), d - 0), which 
induces the identity map in cohomology. □ 

Corollary 4.17 ([35]). A k-DGA (A*,dA) with H*{A) of finite-type is formal if and only if the K- 
DGA (A* ® K, Ja ® idK) is formal. 

Proof. As the forward implication is obvious, we only prove the converse. Suppose our K-dga is 
formal. By Lemma 4.16, there exists a weak equivalence between (A* ® K, Ja ® idK) and {H*{A) ® 
K,d = 0) inducing the identity on H*{A) ® K. By Theorem 4.15, the map id: PI*{A) —> PI*{A) can 
be realized by a weak equivalence between (A*, Ja) and {PI*{A), d = 0). That is, (A*, Ja) is formal 
(over k). □ 

4.7. Field extensions and /-formality. We now use the aforementioned result of Halperin and 
Stasheff on full formality to establish an analogous result for partial formality. First we need an 
auxiliary construction, and a lemma. 

Fet .Jf{A,i) be the /-minimal model of a dga {A*,dA)- The degree / -i- 1 piece, .Jf{A,iy^^, is 
isomorphic to (kerr/'''‘') 0 '^+i, where : .yfif{A,i)'**^ ./#(A,is the differential, and ^+1 is 

a complement to its kernel. It is readily checked that the vector subspace 


( 26 ) 



s>i+2 
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is an ideal of ^(A, /), left invariant by the differential. Consider the quotient dga, 
(27) = 


(27) 


= k 0 MiA, iV 0 • • • 0 ^{A, i)‘ 0 ker 


Lemma 4.18. Suppose dim//''^^(.y#(A, /)) < oo. The following statements are then equivalent: 

(1) {A* ,d a) is i-formal. 

( 2 ) .y#(A, i) is i-formal. 

(3) .M\A, /] is i-formal. 

(4) .yfT\A, /] is formal. 

Proof. Sinee .JT{A, i) is an /-minimal model for (A*, r/^), the two dgas are /-quasi-isomorphic. The 
equivalence (1) o (2) follows from Corollary 4.14. 

Now let if: M{A, i) —> .Jf{A, /] be the canonical projection. It is readily checked that the induced 
homomorphism, if *: H*{.jf{A, /)) —> H*{.^[A, /]), is an isomorphism in degrees up to and includ¬ 
ing / -F 1. In particular, this shows that .jf{A, i) is an /-minimal model for /]. The equivalence 
(2) o (3) again follows from Corollary 4.14. 

Implication (4) ^ (3) is trivial, so it remains to establish (3) ^ (4). Assume the dga M\A, /] is 
/-formal. Since .Ji{A, i) is an /-minimal model for ./#[A, /], there is an /-quasi-isomorphism f as in 
diagram (28). In particular, the homomorphism,/?*: (A, i)) H‘'*'^{.jf[A,i]), is injective. 

On the other hand, we know from the previous paragraph that H‘'''^{.jf[A,i]) and {.jf (A, i)) 

have the same dimension. Since by assumption dim^(./#(A, /)) < oo, we conclude that J3* is an 
isomorphism in degree / -F 1, too. 



(28) 


Let = ./^{y/Af[A,i]) be the full minimal model of .x#[A,/]. As mentioned right after The¬ 
orem 4.5, this model can be constructed by Hirsch extensions of degree k > / -F 1, starting from 
the /-minimal model of .^[A,/], which we can take to be .JT{A,i). Hence, the inclusion map, 
a : y/^{A, i) —> .Jf, induces isomorphisms in cohomology up to degree /, and a monomorphism 
in degree / -F 1. Now, since has the same dimension as H‘*'^{./^[A,i]), and thus as 

/)), the map a* is also an isomorphism in degree / -F 1. 

The DGA morphismyS extends to a cga map y : ./# —> H*{y^[A, /]) as in diagram (28), by sending 
the new generators to zero. Since the target of /? vanishes in degrees k > i -¥ 2 and has differential 
<7 = 0, the map y is a dga morphism. Furthermore, since y o a = /?, we infer that y induces 
isomorphisms in cohomology in degrees k < / -F 1. Since - H^(.jf[A, /]) = 0 for k > / -F 2, 

we conclude that y* is an isomorphism in all degrees, i.e., y is a quasi-isomorphism. 

Finally, let <p: ./# ^ .jf{A, /] be a quasi-isomorphism from the minimal model of .JT{A, /] to this 
DGA. The maps f and y define a weak equivalence befween .JT{A, /] and {H*{.jf{A, /]), 0), fhereby 
showing fhaf .JT{A, /] is formal. □ 

Since H-^'*^{.jf[A,i]) = 0, fhe equivalence of conditions (3) and (4) in fhe above lemma also 
follows from fhe (quife differenl) proof of Proposifion 3.4 from [53]; see Remark 4.21 for more on 
fhis. We are now ready fo prove descenf for partial formalily of dgas. 
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Theorem 4.19. Let (A*, (Ia) be a dga over k, and Zef k c K be afield extension. Suppose //-'■*'^(A) 
is finite-dimensional and H^{A) = k. Then {A*,dA) is i-formal if and only if {A* ® K, ® IcIk) is 
i-fomial. 

Proof From the definition of /-minimal model .JT{A, i) and the hypothesis that H-'^^{A) is finite¬ 
dimensional, we obtain that {.jf (A, /)) is finite-dimensional. By Lemma 4.18, the dga {A*,dA) 

is /-formal if and only if .jf{A, /] is formal. By construction, //^(./#[A, /]) equals H‘i{A) for q < i, 
injects into H‘^{A) forq = / -i- 1, and vanishes for ^ > / -i- 1; hence, in view of our hypothesis, 
//*(./#[A,/]) is of finite-type. By Corollary 4.17, ./#[A,/] is formal if and only if .jf[A,i] g) K is 
formal. By Lemma 4.18 again, this is equivalent to the /-formality of ^[A, /] g K. □ 

4.8. Formality notions for spaces. To every space X, Sullivan [83] associated in a functorial way 
a DGA of ‘rational polynomial forms’, denoted A*p^(X). As shown in [25, §10], there is a natural 
identification H*{A*pp{X)) = H*{X, Q) under which the respective induced homomorphisms in co¬ 
homology correspond. In particular, the weak isomorphism type of A*pp{X) depends only on the 
rational homotopy type of X. 

A DGA (A, d) over k is called a model for the space A if A is weakly equivalent to Sullivan’s 
algebra Api(A; k) := Apj^fX) gq k. In other words, .Jf{A) is isomorphic to .M(X\ k) .M{X) gq k, 
where .MIA) is the minimal model of A and .M(X) is the minimal model of ApifX). In the same 
vein, A is an i-model for X if (A, d) AppfX', k). For instance, if A is a smooth manifold, then the 
de Rham algebra LT^p{X) is a model for A over R. 

A space A is said to he formal over k if the model Apl{X-, k) is formal, that is, there is a quasi¬ 
isomorphism .^(A;k) —> (//*(A;k),d = 0). Likewise, A is said to be i-formal, for some / > 0, if 
there is an /-quasi-isomorphism .jf(ApL(X-, k), /) —> (//*(A; k), d = 0). Note that A is 0-formal if and 
only if A is path-connected. Also, since a homotopy equivalence A - T induces an isomorphism 
^ H*{X\Q}, it follows from Corollary 4.14 that the /-formality property is preserved 
under homotopy equivalences. 

The following theorem of Papadima and Yuzvinsky [67] nicely relates the properties of the min¬ 
imal model of A to the Koszulness of its cohomology algebra. 

Theorem 4.20 ([67]). Let X be a connected space with finite Betti numbers. If AY(X) = .y^fX, 1), 
then H*(X\ Q) is a Koszul algebra. Moreover, ifX is formal, then the converse holds. 

Remark 4.21. In [53, Prop. 3.4], Macinic shows that every /-formal space A for which //-'‘‘'^(A; Q) 
vanishes is formal. In particular, the notions of formality and /-formality coincide for (/ -t 1)- 
dimensional CW-complexes. In general, though, full formality is a much stronger condition than 
partial formality. 

Remark 4.22. There is a competing notion of /-formality, due to Fernandez and Munoz [28]. As 
explained in [53], the two notions differ significantly, even for / = 1. In the sequel, we will use 
exclusively the classical notion of /-formality given above. 

As is well-known, the (full) formality property behaves well with respect to field exfensions of 
fhe form Q c k. Indeed, if follows from Halperin and Slasheff’s Corollary 4.17 fhaf a connecfed 
space A wifh finile Belli numbers is formal over Q if and only if A is formal over k. This resull was 
firsl slaled and proved by Sullivan [83], using differenl lechniques. An independenl proof was given 
by Neisendorfer and Miller [6 1 ] in fhe simply-connecled case. 

These classical resulls on descenl of formalily may be slrenglhened lo a resull on descenl of 
partial formalily. More precisely, using Theorem 4.19, we oblain Ihe following immediate corollary. 
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Corollary 4.23. LetX be a connected space with finite Betti numbers bfiX ),..., bt^fiX). Then X is 
i-formal over Q if and only ifX is i-formal over t 

5. Groups, Lie algebras, and graded formality 

We now turn to finitely generated groups, and to two graded Lie algebras attached to such groups, 
with special emphasis on the relationship between these Lie algebras, leading to the notion of graded 
formality. 

5.1. Central flltrations on groups. We start with some general background on lower central series 
and the associated graded Lie algebra of a group. For more details on this classical topic, we refer 
to Lazard [45] and Magnus et al. [54]. 

Let G be a group. For elements x,y € G, let {x,y] = xyx^^y~^ be their group commutator. 
Likewise, for subgroups H,K < G, let [H, K\ be the subgroup of G generated by all commutators 
[x, y] with X € H,y € K. 

A (central) filtration on the group G is a decreasing sequence of subgroups, G = ^\G > ^fiG > 
^^G > • • •, such that [^rG, ^sG] c ^r+sG. It is readily verified fhaf, for each k > I, fhe group 
^k+iG is a normal subgroup of ^kG, and fhe quofienf group gr^ (G) = ^kGI^k+\G is abelian. As 
before, lef k be a field of characferisfic 0. The direcf sum 

(29) gr'^(G; k) - 0 grf (G) ®z k 

k>l 

is a graded Lie algebra over k, wifh Lie brackef induced from fhe group commutator: If x € ^rG 
and y e ^sG, then [x + ^r+iG,y + ^s+iG] = xyx ^ + ^r+s+ iG. We can view gr'^(-;k) as a 
functor from groups to graded k-Lie algebras. Moreover, gr'^ (G; K) = gr'^ (G; k) K, for any field 
extension k c K. (Once again, if fhe underlying ring in a fensor producf is undersfood, we will write 
® for shorf.) 

Lef // be a normal subgroup of G, and lef Q = GIH be fhe quofienf group. Define filfrafions on 
H and Q by WkH = ^kG n H and = ’^kG!^kti, respecfively. We fhen have fhe following 
classical resulf of Lazard. 

Proposition 5.1 (Thm. 2.4 in [45]). The canonical projection G -» G/H induces a natural isomor¬ 
phism of graded Lie algebras, 

gr^(G; k)/ gr^(//; k) ^ gr^(GIH- k) . 

5.2. The associated graded Lie algebra. Any group G comes endowed with the lower central 
series (LCS) filtration (F^G)l>i, defined inductively by FiG = G and 

(30) F^+iG = [F^G,G]. 

If Fi;G 7^ 1 but F^+iG = 1, then G is said to be a k-step nilpotent group. In general, though, the LCS 
filtration does not terminate. 

The Lie algebra gr(G; k) = gr’^(G; k) is called the associated graded Lie algebra (over k) of the 
group G. For instance, if F = is a free group of rank n, then gr(F;k) is the free graded Lie 
algebra Ite(k”). A group homomorphism f'.G\ —> G 2 induces a morphism of graded Lie algebras, 
gr(/; k): gr(Gi; k) —> gr(G 2 ; k); moreover, if / is surjective, then gr(/; k) is also surjective. 
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For each k>2, the factor group GIYk{G) is the maximal {k - l)-step nilpotent quotient of G. The 
canonical projection G —> GIT^iG) induces an epimorphism gr(G;k) —> gr(G/r,(:(G); k), which is 
an isomorphism in degrees s <k. 

From now on, unless otherwise specified, we will assume that the group G is finitely generated. 
That is, there is a free group F of finite rank, and an epimorphism if. F ^ G. Let R - ker(^); 
then G = FjR is called a presentation for G. Note that the induced morphism gr(^; k): gr(F; k) —> 
gr(G; k) is surjective. Thus, gr(G; k) is a finitely generated Lie algebra, with generators in degree 1. 

Let // < G be a normal subgroup, and let 2 = G///. If F^// = F^G n // is the induced filtration 
on FI, it is readily seen that the filtration TrQ = F^G/F^// coincides with the LCS filtration on Q. 
Hence, by Proposition 5.1, 

(31) gr(e;k)-gr(G;k)/gr^(//;k). 

Now suppose G = X 2 is a semi-direct product of groups. In general, there is not much of a 
relation between the respective associated graded Lie algebras. Nevertheless, we have the following 
well-known result of Falk and Randell [24], which shows that gr(G;k) = gr(//;k) x gr(2;k) for 
‘almost-direct’ products of groups. 

Theorem 5.2 (Thm. 3.1 in [24]). Let G = H x Qbe a semi-direct product of groups, and suppose Q 
acts trivially on //ab. Then the filtrations [Fr//}r>i and {YrF[)r>i coincide, and there is a split exact 
sequence of graded Lie algebras, 

0 —^ gr{H\ k) —^ gr(G; k) —^ gr(2; k) —^ 0 . 

5.3. The holonomy Lie algebra. The holonomy Lie algebra of a finitely generated group was 
introduced by Kohno [4 1 ] following the work of K.-T. Chen [15], and further studied in [56, 63, 80] . 

Definition 5.3. Let G be a finitely generated group. The holonomy Lie algebra of G is the holonomy 
Lie algebra of the cohomology ring A = H*{G', k), that is, 

(32) h(G;k) = Iie(//i(G;k))/(im5G>, 

where do is the dual to the cup-product map : HfG', k) A H^{G\ k) ^ H^iG', k). 

By construction, t)(G;k) is a quadratic Lie algebra. If /: Gi ^ G 2 is a group homomorphism, 
then the induced homomorphism in cohomology,/*: //^(G 2 ;k) ^ //^(Gi; k) yields amorphismof 
graded Lie algebras, I)(/;k): f)(Gi;k) ^ f)(G 2 ;k). Moreover, if / is surjective, then t)(/;k) is also 
surjective. Finally, I)(G; K) = I)(G; k) (St K, for any field extension k c K 

In the definition of the holonomy Lie algebra of G, we used the cohomology ring of a classifying 
space K{G, 1). As the next lemma shows, we may replace this space by any other connected CW- 
complex with the same fundamental group. 

Lemma 5.4. Let X be a connected CW-complex with nfX) = G. Then f)(//*(X; k)) = f)(C; k). 

Proof We may construct a classifying space for G by adding cells of dimension 3 and higher to 
A in a suitable way. The inclusion map, j: X ^ K{G, 1), induces a map on cohomology rings, 
j* : H*{K{G, l);k) ^ H*{X\ls), which is an isomorphism in degree 1 and an injection in degree 2. 
Consequently, p' restricts to an isomorphism from im(UG) to im(Ux). Taking duals, we find that 
im(()x) = im(5G). The conclusion follows. □ 
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In particular, if Kq is the 2-complex associated to a presentation of G, then I)(G; k) is isomorphic 
to k)). Let ^„(G) := dim I)fi(G; k) be the dimensions of the graded pieces of the holonomy 

Lie algebra of G. The next corollary is an algebraic version of the LCS formula from Papadima and 
Yuzvinsky [67], but with no formality assumption. 

Corollary 5.5. Let X be a connected CW-complex with 7:i{X) - G, let A - H*{X',k) be its coho¬ 
mology algebra, and let A be the quadratic closure of A. Then nn>i(l ~ but', where 

bu = dimExt^(k, k),-. Moreover, if A is a Koszul algebra, then 

]^(1 - ffn ^ Hilb(A, -t). 

n>\ 

Proof The first claim follows from Lemma 5.4, the Poincare-Birkhoff-Witt formula (10), and 
LdfwalTs formula from Proposition 3.6. The second claim follows from the Koszul duality for¬ 
mula stated in Corollary 3.8. □ 

5.4. A comparison map. Once again, let G be a finitely generated group. Although the next lemma 
is known, we provide a proof in [80]. 

Lemma 5.6 ([56, 63]). There exists a natural epimorphism of graded k-Lie algebras, 

(33) OG:h(G;k)—^gr(G;k), 

inducing isomorphisms in degrees 1 and 2. Furthermore, this epimorphism is natural with respect 
to field extensions k c K. 

Corollary 5.7. Let V - //i(G;k). Suppose the associated graded Lie algebra g = gr(G;k) has 
presentation Iie(y)/r. Then the holonomy Lie algebra f)(G;k) has presentation Iie(y)/(r 2 ), where 
r 2 = r n Ite 2 (y). Furthermore, if A - U{q), then t)(G;k) = I)(A'). 

Proof The following natural exact sequence was first noted by Sullivan [82] in a particular case, 
and proved by Lambe [43] in general, 

(34) 0— ^ {Y 2 GlY-iG ^kf ^ H\G-,k) A H\G-,k) ^ H^{G-,k) , 

where /? is the dual of Lie bracket product. Taking the dual of this exact sequence, we find that 
im(()G) = kerfyS*). Hence, (r 2 ) = (im(5G)) as ideals of lie(y); thus, I)(C;k) = Iie(y)/(r 2 ). The last 
claim follows from Corollary 3.5. □ 

Recall we denote by fniG) and fn{G) the dimensions on the n-th graded pieces of gr(G; k) and 
f)(G;k), respectively. By Lemma 5.6, fn{G) > (pniG), for all n > 1, and equality always holds for 
n <2. Nevertheless, these inequalities can be strict for n >3. 

5.5. Graded-formality. We continue our discussion of the associated graded and holonomy Lie 
algebras of a finitely generated group with a formality notion that will be important in the sequel. 

Definition 5.8. A finitely generated group G is graded-formal (over k) if the canonical projection 
Og • I)(G; k) -» gr(G; k) is an isomorphism of graded Lie algebras. 

This notion was introduced by Lee in [47], where it is called graded 1-formality. Next, we give 
two alternate definitions, which oftentimes are easier to verify (see [80] for a proof). 
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Lemma 5.9. A finitely generated group G is graded-formal over k if and only if one of the following 
conditions is satisfied. 

(1) gr(G;k) is quadratic. 

(2) dimkI)„(G;k) = dim]tgr„(G;k),/or aZZ n>l. 

The lemma implies that the definition of graded formality is independent of the choice of coeffi¬ 
cient field k of characferisfic 0. More precisely, we have fhe following corollary. 

Corollary 5.10. A finitely generated group G is graded-formal over k if and only if is graded-formal 
over Q. 

Proof. The dimension of a finile-dimensional vector space does nol change upon fhe exfensions of 
scalars Q c k. The conclusion follows af once from Lemma 5.9(2). □ 


5.6. Split injections. We are now in a position to state and prove the main result of this section, 
which proves the first part of Theorem 1.4 from the Introduction. 

Theorem 5.11. Let G be a finitely generated group. Suppose there is a split monomorphism l: K ^ 
G. If G is a graded-formal group, then K is also graded-formal. 


Proof. In view of our hypothesis, we have an epimorphism cr\ G ^ K such that cr o i - id. 
In particular, K is also finitely generated. Furthermore, the induced maps (>(0 and gr(i) are also 
injective. 

Let tt: F -» G be a presentation for G. There is then an induced presentation for K, given by the 
composition crn\ F -» F. By Lemma 5.6, there exist epimorphisms Oi and O making the following 
diagram commute: 


(35) 


Kl 


gr(F;] 


grid 


h(i^;k) 
i)(d 
h(G;k) 

If the group G is graded-formal, then O is an isomorphism of graded Lie algebras. Hence, the 
epimorphism Oi is also injective, and so F is a graded-formal. □ 


■gr(G;l 


Theorem 5.12. Let G - K » Q be a semi-direct product of finitely generated groups, and suppose 
G is graded-formal. Then: 

(1) The group Q is graded-formal. 

(2) If moreover, Q acts trivially on Fab, then K is also graded-formal. 


Proof. The first assertion follows at once from Theorem 5.11. So assume Q acts trivially on Fab. 
By Theorem 5.2, there exists a split exact sequence of graded Lie algebras, which we record in the 
top row of the next diagram. 

(36) 0-^ gr(F; k)-^ gr(G; k)-^ gr(2; k)-^ 0 


h(F; k) h(G; k) h(<2; k) -- 0. 


Let i: F —> G be the inclusion map. By the above, we have an epimorphism, cr: gr(G;k) 
gr(F; k) such that cr o gr(i) - id. Consequently, gr(F; k) is finitely generated. 



















FORMALITY PROPERTIES OF FINITELY GENERATED GROUPS AND LIE ALGEBRAS 


27 


By Corollary 5.7, the map cr induces a morphism cr: h(G; k) —> I)(C; k) such that & o f)(t) = id. 
Consequently, h(0 is injective. Therefore, the morphism \){K\ k) —> gr(A'; k) is also injective. Hence, 
K is graded-formal. □ 

If the hypothesis of Theorem 5.12, part (2) does not hold, the subgroup K may not be graded- 
formal, even when the group G is 1-formal. We illustrate this phenomenon with an example adapted 
from [65]. 

Example 5.13. Let K = {x,y \ [x, [x,y]], \y, [x,y]]) be the discrete Heisenberg group. Consider the 
semidirect product G - K defined by the automorphism (p: K ^ K given by x —> y, y —> xy. 
We have that bi{G) = 1, and so G is 1-formal, yet K is not graded-formal. 

5.7. Products and coproducts. We conclude this section with a discussion of the functors gr and 
I) and the notion of graded formality behave with respect to products and coproducts. 

Lemma 5.14 ([49, 64]). The functors gr and h preserve products and coproducts, that is, we have 
the following natural isomorphisms of graded Lie algebras, 

fgr(GixG 2 ;k)-gr(Gi;k)xgr(G 2 ;k) ^ fh(Gi x G 2 ;k) - h(Gi;k) x h(G 2 ;k) 

\gr(Gi H. G 2 ;k) - gr(Gi;k) h. gr(G 2 ;k), \h(Gi h. G 2 ;k) - h(Gi;k) h. h(G 2 ;k). 

Proof The first statement on the gr(-) functor is well-known, while the second statement is the 
main theorem from [49]. The statements regarding the !)(-) functor can be found in [64]. □ 

Regarding graded-formality, we have the following result, which sharpens and generalizes Lemma 
4.5 from Plantiko [69], and proves the first part of Theorem 1.5 from the Introduction. 

Proposition 5.15. Let G\ and G 2 be two finitely generated groups. Then, the following conditions 
are equivalent. 

(1) Gi and G 2 are graded-formal. 

(2) Gi * G 2 is graded-formal. 

(3) Gi X G 2 is graded-formal. 

Proof. Since there exist split injections from Gi and G 2 to the product Gi x G 2 and coproduct 
G\ * G 2 , Theorem 5.11 shows that implications (2)^(1) and (3)^(1) hold. Implications (1)^(2) 
and (1)^(3) follow from Lemma 5.14 and the naturality of the map O from (33). □ 

6. Malcev Lie algebras and filtered formality 

In this section we consider the Malcev Lie algebra of a finitely generated group, and study the 
ensuing notions of filtered formality and 1-formality. 

6.1. Prounipotent completions and Malcev Lie algebras. Once again, let G be a finitely gener¬ 
ated group, and let {TkG]k>i be its LCS filtration. The successive quotients of G by these normal 
subgroups form a tower of finitely generated, nilpotent groups, 

(37) -- G/r4G-- G/TsG-- G/r2G = Gab - 

Let k be a field of characferistic 0. If is possible to replace each nilpotent quotient Nu - GITkG by 
Nk <E> k, the (rationally defined) nilpotent Lie group associated to the discrete, torsion-free nilpotent 





28 


ALEXANDER I. SUCIU AND HE WANG 


group Nk /tors(A^jt) via a procedure which will be discussed in more detail in § 10.1 . The correspond¬ 
ing inverse limit, 

(38) aJl(G; k) - lim ((G/T^G) ® k), 

k 

is a prounipotent, filtered Lie group over k, which is called the prounipotent completion, or Malcev 
completion of G over k. We denote by x: G —> 9J1(G, k) the canonical homomorphism from G to its 
completion. 

Let fiie((G/r,(:G)®k) be the Lie algebra of the nilpotent Lie group (G/r^:G)®k. The pronilpotent 
Lie algebra 

(39) in(G; k) lim £ie((G/riG) ® k), 

k 

with the inverse limit filtration, is called the Malcev Lie algebra of G (over k). By construction, 
m(-;k) is a functor from the category of finitely generated groups to the category of complete, 
separated, filtered k-Lie algebras. 

6.2. Quillen’s construction. A different approach was taken by Quillen in [73, Appendix A]. Let 
us briefly recall his construction. The group-algebra kG has a natural Hopf algebra structure, with 
comultiplication A: kG —> kG ® kG given by A{g) = g ® g for g € G, and counit the augmentation 
map e: kG —> k. Moreover, the set of group-like elements in this Hopf algebra, i.e., those elements 
X for which A(x) - x® x, gets identified with G under the canonical inclusion G ^ kG. 

The powers of the augmentation ideal / = ker e form a descending, multiplicative filtration of kG 
by Hopf ideals. The /-adic completion of the group-algebra, kG = lim^ kG//^, comes equipped with 

a descending filtration, whose k-th term is 7^ = lim /^//L Identify the completion of kG®kG with 

<— j^k _^ 

respect to the natural tensor product filtration with the completed tensor product kG ® kG. Applying 
the 7-adic completion functor to the map A yields a comultiplication map A: kG —> kG ® kG, which 
makes kG into a complete Hopf algebra. It is then apparent that the canonical map to the completion, 
L : kG —> kG, is a morphism of filtered Hopf algebras. 

An element x € kG is called primitive if Ax = x®\ + l®x. The set of all primitive elements in kG, 
with bracket [x, - xy - yx, and endowed with the induced filtration, is a Lie algebra, isomorphic 

to the Malcev Lie algebra of G, 

(40) m(G;k) = Prim(kG). 

The filtration topology on kG is a metric topology; hence, the filtration topology on m(G;k) 
is also metrizable, and thus separated. We shall denote by gr(m(G;k)) the associated graded Lie 
algebra of m(G; k) with respect to the induced inverse limit filtration. 

The set of all group-like elements in kG, with multiplication inherited from kG, forms a group, 
denoted M(G;k). This group comes endowed with a complete, separated filtration, with terms 
M(G; k)n(l -1-7^). As shown by S. Jennings and Quillen, there is a filtration-preserving isomorphism 
M(G,k) = 9Jf(G;k), see Massuyeau [58] for details. Furthermore, there is a one-to-one, filtration¬ 
preserving correspondence between primitive elements and group-like elements via the exponential 
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and logarithmic maps 

- exp_^ 

(41) m(G; k) c 1 + 7 Td m(G; k) . 

Restricting the canonical map t: kG —> kG to group-like elements, we obtain a homomorphism 
from G to its prounipotent completion, k: G ^ 9J1(G; k). Composing this homomorphism with the 
logarithmic map, log: 9)1(G; k) —> m(G; k), we obtain a filtration-preserving map, p: G ^ nt(G;k). 
As shown by Quillen in [74], the map p induces an isomorphism of graded Lie algebras, 

(42) gr(p): gr(G; k) gr(nT(G; k)) . 

In particular, gr(m(G; k)) is generated in degree 1. 

6.3. Minimal models and Malcev Lie algebras. Every group G has a classifying space K{G, 1), 
which can be chosen to be a connected CW-complex. Such a CW-complex is unique up to ho- 
motopy, and thus, up to rational homotopy equivalence. Hence, by the discussion from §4.8 the 
weak equivalence type of the Sullivan algebra A = Api{K{G, 1)) depends only on the isomorphism 
type of G. By Theorem 4.5, the dga A (8)q k has a 1 -minimal model, ^{A (Sq k, 1), unique up to 
isomorphism. Moreover, the assignment G ^{A (Sq k, 1) is functorial. 

Assume now that the group G is finitely generated. Let ^ = ./#(G;k) be a 1-minimal model 
of G, with the canonical filtration constructed in (20). The starting point is the finite-dimensional 
vector space - Vi := H^{G', k). Each sub-ocA is a Hirsch extension of ^i-\ by the finite¬ 
dimensional vector space Vj := ker(//^(.^_i) —> H^{A)). 

Define £(G; k) = lim, It) as the pronilpotent Eie algebra associated to the 1-minimal model 
^(G\ k) in the manner described in §4.2, and note that the assignment G £(G; k) is also functo¬ 
rial. 

Theorem 6.1 ([12, 31, 83]). There exist natural isomorphisms of towers of nilpotent Lie algebras, 

■ ■ • --fi;_i(G; k) - UG\ k) -- 


• • • ^-m(G/r,G; k) - m(G/r,+iG;k) -. 

Hence, there is a functorial isomorphism £(G;k) = nt(G;k) of complete, filtered Lie algebras. 

This functorial isomorphism m(G;k) = fi(G;k), together with the dualization correspondence 
£(G; k) w ./#(G; k) define adjoint functors between the category of Malcev Eie algebras of finitely 
generated groups and the category of 1-minimal models of finitely generated groups. 

6.4. Filtered formality of groups. We now define the notion of filtered formality for groups (also 
known as weak formality by Eee [47]), based on the notion of filtered formality for Eie algebras 
from Definition 2.4. 

Definition 6.2. A finitely generated group G is said to be filtered-formal (over k) if its Malcev Eie 
algebra m(G; k) is filtered-formal, with respect to the inverse limit filtration. 

Here are some more direct ways to think of this notion. 
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Proposition 6.3. A finitely generated group G is filtered-formal over k if and only if one of the 
following conditions is satisfied. 

(1) m(G; k) = gr(G; k) as filtered Lie algebras. 

(2) m(G; k) admits a homogeneous presentation. 

Proof. (1) We know from Quillen’s isomorphism (42) that gr(m(G; k)) = gr(G; k). The forward im¬ 
plication follows straight from the definitions, while the backward implication follows from Lemma 
2.5. 

(2) Choose a presentation gr(G;k) = Iie(//i(G;k))/r, where r is a homogeneous ideal. By Lemma 
2.3, we have 

(43) m(G; k) = lTe(//i(G; k))/f, 

which is a homogeneous presentation for nt(G;k). Conversely, if (43) holds, then m(G;k) = "g) 
where g = Iie(//i(G; k))/r. □ 

The notion of filtered formality can also be interpreted in terms of minimal models. Let ^{G', k) 
be the 1-minimal model of G, endowed with the canonical filtration, which is the minimal dga dual 
to the Malcev Lie algebra m(G;k) under the correspondence described in §4.2. Likewise, let 
M^(G;k) be the minimal dga (generated in degree 1) corresponding to the prounipotent Lie al¬ 
gebra gr(G; k). Recall that both .jf{G', k) and M^(G; k) come equipped with increasing filtrations as 
in (20), which correspond to the inverse limit filtrations on m(G; k) and gr(G; k), respectively. 

Proposition 6.4. A finitely generated group G is filtered-formal over k if and only if one of the 
following conditions is satisfied. 

(1) there is a filtration-preserving dga isomorphism between .M(fG\ k) and jV{G\ k). 

(2) there is a dga isomorphism between .y#(G;k) and M^(G;k) inducing the identity on first 
cohomology. 

Proof. (1) Recall Proposition 6.3 that G is filtered-formal if and only if nt(G;k) = gf(G;k), as 
filtered Lie algebras. Dualizing, this condition becomes equivalent to ./#(G;k) = M^(G;k), as 
filtered dga’s. 

(2) Recall that G is filtered-formal if and only if nt(G; k) = gr(in(G; k)) inducing identity on their 
associated graded Lie algebras. 

Likewise, both and can be canonically identified with grj(G;k)* = //^(G;k). The 
desired conclusion follows. □ 

Here is another description of filtered formality, suggested to us by R. Porter. 

Theorem 6.5. A finitely generated group G is filtered-formal over k if and only if the canonical 
l-minimal model ./#(G;k) is filtered-isomorphic to a \-minimal model with positive Hirsch 
weights. 

Proof. First suppose G is filtered-formal, and let jY = M^(G;k) be the minimal dga dual to fi = 
gr(G, k). By Proposition 6.4, this dga is a 1 -minimal model for G. Since by construction £ = gr(fi). 
Lemma 4.6 shows that the differential on jY is homogeneous with respect to the Hirsch weights. 

Now suppose .M is a l-minimal model for G over k, with homogeneous differential on Hirsch 
weights. By Lemma 4.6 again, the dual Lie algebra £(./#) is filtered-formal. On the other hand, the 
assumption that .M = ^{G', k) and Theorem 6.1 together imply that = m(G; k). Hence, the 

group G is filtered-formal by Definition 6.2. □ 
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We conclude this section by showing that the definition of filtered formality is independent of 
the choice of coefficient field k of characferisfic 0. We would like fo fhank Y. Comulier for ask¬ 
ing whefher the next result holds, and for pointing out the connection it would have with [16, 
Thm. 3.14], 

Proposition 6.6. Let G be a finitely generated group, and let Q c k be a field extension. Then G is 
filtered-fornial over Q if and only ifG is filtered-fornial over fc 

Proof. Write in = in(G; Q), and let g = gr(G; Q), which we shall identify with gr’^(in). The claim 
follows from Theorem 2.8. □ 


7. FiLTERED-FORMALITY and 1-FORMALITY 

In this section, we consider the 1-formality property of finitely generated groups, and the way it 
relates to Massey products, graded-formality, and filtered-formality. We also study the way various 
formality properties behave under free and direct products, as well as retracts. 

7.1. 1 -formality of groups. We start with a basic definition. As usual, let k be a field of characfer¬ 
isfic 0. 

Definition 7.1. A finitely generated group G is called l-fornial (over k) if a classifying space K{G, 1) 
is 1-formal over k. 

Since any two classifying spaces for G are homotopy equivalent, the discussion from §4.8 shows 
that this notion is well-defined. A similar argument shows that the 1-formality property of a path- 
connected space X depends only on its fundamental group, G = nfX). 

The next, well-known theorem provides an equivalent, purely group-theoretic definition of 1- 
formality. Although proofs can be found in the literature (see for instance Markl-Papadima [56], 
Carlson-Toledo [11], and Remark 7.3 below), we provide here an alternative proof, based on The¬ 
orem 4.10 and the discussion from §6.3. 

Theorem 7.2. A finitely generated group G is \-formal over k if and only if the Malcev Lie algebra 
ofG is isomorphic to the degree completion of the holonomy Lie algebra t)(G;k). 

Proof. Let .yfL{G\k) = .JT{Apl{K{G, 1)), 1) ®q k be the 1-minimal model of G. The group G is 
1-formal if and only if there exists a dga morphism .jf{G',k) —> (H*{G',k),d = 0) inducing an 
isomorphism in first cohomology and a monomorphism in second cohomology, i.e., .jf{G',k) is a 
1-minimal model for {H*{G', k), <i = 0). 

Let fi(G; k) be the dual Lie algebra of .Jf{G\ k). By Theorem 6.1, the Malcev Lie algebra of G is 
isomorphic to £(G; k). By Theorem 4.10, the degree completion of the holonomy Lie algebra of G 
is isomorphic to £(G; k). This completes the proof. □ 

Remark 7.3. Theorem 7.2 admits the following generalization: if G is a finitely generated group, 
and if (A, d) is a connected dga with dim A^ < oo whose 1 -minimal model is isomorphic to .jf{G', k), 
then the Malcev Lie algebra in(G;k) is isomorphic to the completion with respect to the degree 
filtration of the Lie algebra 1)(A, d) := Iie((A')*)/(im((r/^)* + p\)). A proof of this result is given by 
Berceanu et al. in [4]; related results can be found in work of Bezrukavnikov [7], Bibby-Hilburn 
[8], and Polishchuk-Positselski [70]. 
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An equivalent formulation of Theorem 7.2 is given by Papadima and Suciu in [65]: A finitely 
generated group G is 1-formal over k if and only if its Malcev Lie algebra m(G;k) is isomorphic 
to the degree completion of a quadratic Lie algebra, as filtered Lie algebras. For instance, if bi{G) 
equals 0 or 1, then G is 1-formal. 

Clearly, finitely generated free groups are 1-formal; indeed, if F is such a group, then in(F;k) = 
Iie(//i(F; k)). Other well-known examples of 1-formal groups include fundamental groups of com¬ 
pact Kahler manifolds, cf. Deligne et al. [18], fundamental groups of complements of complex 
algebraic hypersurfaces, cf. Kohno [41], and the pure braid groups of surfaces of genus different 
from 1, cf. Bezrukavnikov [7] and Hain [33]. 

7.2. Massey products. A well-known obstruction to 1-formality is provided by the higher-order 
Massey products (introduced in [57]). For our purposes, we will discuss here only triple Massey 
products of degree 1 cohomology classes. 

Let 7 i, 72 and 73 be cocycles of degrees 1 in the (singular) chain complex C*(G; k), with coho¬ 
mology classes u,- = [ 7 ,] satisfying ui U U 2 = 0 and M 2 U M 3 = 0. That is, we assume there are 

1- cochains 712 and 723 such that dy 12 - 7 i U 72 and dy 23 = 72 U 73 . It is readily seen that the 

2- cochain a> = 712 U 73 - 1 - 71 U 723 is, in fact, a cocycle. The set of all cohomology classes [tu] 
obtained in this way is the Massey triple product (mi, M 2 , M3> of the classes mi, M 2 and M 3 . Due to the 
ambiguity in the choice of 712 and 723 , the Massey triple product (mi, M 2 , M 3 ) is a representative of 
the coset 

(44) //2(G;k)/(Mi U//^(G;k)-t//^(G;k)UM 3 ). 

Remark 7.4. In [71, Thm. 2], Porter gave a topological method for computing cup products and 
higher-order Massey products in //^(G;k). Building on work of Dwyer [21], Fenn and Sjerve [27] 
gave explicit formulas for Massey products in a commutator-relator group. For instance, suppose 
G = (x I r), where the single relator r belongs to [F, F] and is not a proper power. Let / = (fi,..., i^), 
and suppose e,= 0 for all 1 <s<t<k+ \ with {s,t) + {\,k + 1), where 64 .is the 
composition of the augmentation map with the iterated Fox derivative 5,,,...,, 71 . Then the evaluation 
of the Massey product (-m,,, ..., -M 4 ) on the homology class [r] e H 2 {G', Z) equals ej{r). 

If a group G is 1-formal, then all triple Massey products vanish in the quotient k-vector space 
from (44). However, if G is only graded-formal, these Massey products need not vanish. As we 
shall see in Example 7.5, even a one-relator group G may be graded-formal, yet not 1-formal. 

Example 7.5. Let G = (xi,... ,X 5 | [xi,X 2 ][x 3 , [xa,xsW - 1). From [80], the group G is graded- 
formal. On the other hand. Remark 7.4 shows that G admits a non-trivial triple Massey product of 
the form (M 3 , M 4 , M 5 ). Thus, G is not 1-formal, and so G is not filtered-formal. 

7.3. Filtered formality, graded formality and 1-formality. The next result pulls together the 
various formality notions for groups, and establishes the basic relationship among them. 

Proposition 7.6. A finitely generated group G is \-formal if and only if G is graded-formal and 
filtered-formal. 

Proof First suppose G is 1-formal. Then, by Theorem 7.2, m(G;k) = f)(G;k), and thus, gr(G;k) = 
f)(G;k), by (42). Hence, G is graded-formal, by Lemma 5.9(1). It follows that Tn(G;k) = gr(G;k), 
and hence G is filtered-formal, by Proposition 6.3. 

Now suppose G filtered-formal. Then, by Proposition 6.3, we have that nt(G; k) = gr(G; k). Thus, 
if G is also graded-formal, m(G; k) = h(G; It). Hence, G is 1-formal. □ 
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Using this proposition, together with Proposition 6.6 and Corollary 5.10, we obtain the following 
corollary. 

Corollary 7.7. A finitely generated group G is \-formal over Q if and only if G is I-formal over fc 

In other words, the 1-formality property of a finitely generated group is independent of the choice 
of coefficient field of characteristic 0. 

In general, a filtered-formal group need not be 1-formal. Examples include some of the free 
nilpotent groups from Example 10.1 or the unipotent groups from Example 10.8. In fact, the triple 
Massey products in the cohomology of a filtered-formal group need not vanish (modulo indetermi¬ 
nacy). 

Example 7.8. Eet G = F 2 ITJF 2 - {x\,X 2 \ [xi,[xi,X 2 ]] = [x 2 ,[xi,X 2 ]] = 1> be the Heisen¬ 
berg group. Then G is filtered-formal, yet has non-trivial triple Massey products {ui,ui,U 2 } and 
{u 2 . Ml, M 2 ) in H^{G; k). Hence, G is not graded-formal. 

As shown by in Hain in [33, 34] the Torelli groups in genus 4 or higher are 1-formal, but the 
Torelli group in genus 3 is filtered-formal, yet not graded-formal. The next two examples show that 
there are groups which are graded-formal but not filtered-formal. 

Example 7.9. In [2], Bartholdi et al. consider two infinite families of groups. The first are the 
quasitriangular groups QTr„, which have presentations with generators x;/ (I < i t j < n), and 
relations XijXikXjk = xjkXikXij and XijXki = XkiXij for distinct i, j, k, 1. The second are the triangular 
groups Tr„, each of which is the quotient of QTr„ by the relations of the form = xji for i + j. 
As shown by Eee in [47], the groups QTr„ and Tr„ are all graded-formal. On the other hand, as 
indicated in [2], these groups are non-1-formal (and hence, not filtered-formal) for all m > 4. A 
detailed proof of this fact will be given in [79]. 

Example 7.10. Eet G be the group with generators xi, ... ,X 4 and relators [X 2 ,X 3 ], [xi,X 4 ], and 
[xi, X 3 ][X 2 ,X 4 ]. Erom [80], G is graded-formal. On the other hand, using the Tangent Cone theorem 
of Dimca et al. [19], one can show that the group G is not 1-formal. Therefore, G is not filtered- 
formal. 

7.4. Examples from link theory. Eet L = (L\,..., L„) be an M-component link in S^. The link 
group, G = n\{X), is the fundamental group of the complement, X = \ IJ'Lj L,. In general, 

a link group (even a pure braid link group) is not 1-formal. This phenomenon was first detected 
by W.S. Massey by means of his higher-order products [57], but graded and especially filtered 
formality can be even harder to detect. The graded Eie algebras in the following two examples 
were first given by Hain [32]. In [80], these Eie algebras were also computed based on the work of 
Anick [1]. This implies that the groups in the following examples are not graded-formal, hence not 
1-formal. Eurthermore, Hain’s result also implies that the following two groups are filtered-formal. 

Example 7.11. Eet L be the Borromean rings. This is the 3-component link obtained by closing up 
the pure braid [Ai 2 , A 2 , 3 ] € P'^ where A,- y denote the standard generators of the pure braid group. 
Alternatively, the non-1-formality of G can be detected by the triple Massey products (m, v, w) and 
{w,v,u). 

Example 7.12. Eet L be the Whitehead link. This is a 2-component link with linking number 0. Its 
link group is the 1-relator group G = {x,y \ r), where 

r = x~^y~^ xyx~^yxy~^ xyx~^y~^ xy~^ x~^y. 
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The non-1-formality of G can also be detected by suitable fourth-order Massey products. 

Next, we give an example of a link group which is graded-formal, yet not filtered-formal. 

Example 7.13. Let L be the link of great circles in 5 ^ corresponding to the arrangement of trans¬ 
verse planes through the origin of denoted as 32 /(31425) in Matei-Suciu [59]. Then L is a pure 
braid link of 5 components, with linking graph the complete graph Ky, moreover, the link group G 
is isomorphic to the semidirect product Fa, Xq. F\, where a = Ai 3 A 2 , 3 A 2,4 e P 4 . From [80], based 
on the work of Berceanu-Papadima [5], the group G is graded-formal. On the other hand, as noted 
by Dimca et al. in [19, Example 8.2], the Tangent Cone theorem does not hold for this group, and 
thus G is not 1-formal. Consequently, G is not filtered-formal. 

7.5. Propagation of filtered formality. The next theorem shows that filtered formality is inherited 
upon taking nilpotent quotients. In §10, we will focus on exploring the formality properties of 
torsion-free nilpotent groups. 

Theorem 7.14. Let G be a finitely generated group, and suppose G is filtered-formal. Then all the 
nilpotent quotients G jY fG) are filtered-formal. 

Proof. Set g = gr(G;k) and m = m(G;k), and write g = g^- Then, for each i > 1, the 

canonical projection fi'. G -» G/r,G induces an epimorphism of complete, filtered Lie alge¬ 
bras, mlfi)-. m -» nt(G/r;G;k). In each degree k > i, we have that ri.Tn(G/r,G;k) = 0, and so 
m{fi)(Y]im) - 0. Therefore, there exists an induced epimorphism 

(45) ^k.i ■ m/f^m-^ in(G/r;G; k) . 

Passing to the associated graded, we obtain an epimorphism gx{mlYkm) -» gr(m(G/r,G;k)), 
which is readily seen to be an isomorphism for k = i. Using now Lemma 2.2, we conclude that the 
map (bjj is an isomorphism of (complete, separated) filtered Lie algebras. 

On the other hand, our filtered-formality assumption on G allows us to identify m = "g = njt>i Qk- 
Let l: g —> "g be the canonical morphism. By construction, we have isomorphisms Lk'. g/T^g —> 
?/rA:'g for all k ^ 1 . ThuS) iTx/rj^TTT = for 3.11 Jc ^ 1. Usin^ IItcsg i(lcritific 3 tioris for 

k = /, together with the isomorphism O// from above, we obtain isomorphisms 

(46) m(G/r;G; k) - g/Ug - gr(G/UG; k). 

This shows that the nilpotent quotient G/TiG is filtered-formal, and we are done. □ 

Proposition 7.15. Suppose f'. G\ G 2 is a homomorphism between two finitely generated groups, 
inducing an isomorphism //i(Gi;k) ^ //i(G 2 ;k) and an epimorphism // 2 (Ci;k) ^ // 2 (C 2 ;k). 
Then we have the following statements. 

(1) If G 2 is \-formal, then Gi is also \-formal. 

(2) If G 2 is filtered-formal, thenGi is also filtered-formal. 

(3) If G 2 is graded-formal, then Gi is also graded-formal. 

Proof. A celebrated theorem of Stallings [77] (see also Dwyer [2 1 ] and Lreedman et al. [29]) insures 
that the homomorphism f induces isomorphisms fk'- (Ci/Tj^Gi) ® k —> {G 2 lYkG 2 ) ® k, for all 
k > 1. Hence, (p induces an isomorphism m(^): m(Gi;k) —> m(G 2 ;k) between the respective 
Malcev completions, thereby proving claim (1). Using now the isomorphism (42), the other two 
claims follow at once. □ 
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7.6. Split injections. We are now ready to state and prove the main result of this section, which 
completes the proof of Theorem 1.4 from the Introduction. 

Theorem 7.16. Let G be a finitely generated group. Suppose there is a split monomorphism l: K ^ 
G. The following statements then hold. 

(1) IfG is filtered-formal, then K is also filtered-formal. 

(2) IfG is \-formal, then K is also \-formal. 

Proof. By hypothesis, we have an epimorphism cr: G ^ K such that cr o i = id. It follows that the 
induced maps in(i) and gr(i) are also split injections. 

Let n: f -» G be a presentation for G. We then have an induced presentation for K, given by the 
composition tti := crn: F ^ K. There is also a map l\'. F ^ F which is a lift of t, that is, in\ = 7a\. 
Consider the following diagram (for simplicity, we will suppress the zero-characteristic coefficient 
field k from the notation). 


/i '-> Iie(f)-» gx{K) 



We have m(ii) = gr(ii). By assumption, G is filtered-formal; hence, there exists a filtered Lie 
algebra isomorphism O: m(G) —> gf(G) as in diagram (47), which induces the identity on associated 
graded algebras. It follows that O is induced from the identity map of lie(F) upon projecting onto 
source and target, i.e., the bottom right square in the diagram commutes. 

First, we show that the identity map id: lie(F) ^ lie(F) in the above diagram induces an inclusion 
map l\ J\. Suppose there is an element c e lie(F) such that c e /i and c ^ Ji, i.e., [c] = 0 in 
m(A') and [c] 0 in gr(G). Since gr(i) is injective, we have that gr(t)([c]) + 0, i.e., gr(ii)(c) ^ /. We 

also have m(i)([c]) = 0 e m(G), i.e., tn(ii)(c) € 7. This contradicts the fact that the inclusion 7^7 
is induced by the identity map. Thus, l\ c 7i. 

In view of the above, we may define a Lie algebra morphism ffii: in(7f) —> gf(7f) as fhe quofienf 
of fhe idenfify on Iie(7’). By consfrucfion, Oi is an epimorphism. We also have gr(t) o =00 in(t). 
Since fhe maps nt(i), gr(i) and <1) are all injecfive, fhe map Oi is also injective. Therefore, ffii is an 
isomorphism, and so fhe group K is ffilered-formal. 

Finally, pari (2) follows al once from pari (1) and Theorem 5.11. □ 

This complefes fhe proof of Theorem 1.4 from fhe Inlroducfion. As we shall see in Example 7.9, 
Ihis Iheorem is useful for deciding whelher cerlain infinile families of groups are 1-formal. 

We now proceed wilh fhe proof of Theorem 1.5. Firsl, we need a lemma. 

Lemma 7.17 ([19]). Let G\ and G 2 be two finitely generated groups. Then m(Gi x G 2 ;k) = 
m(Gi; k) x in(G 2 ; k) tind m(Gi * G 2 ; k) = m(Gi; k) * nt(G 2 ; k). 
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Proposition 7.18. For any two finitely generated groups Gi and G 2 , the following conditions are 
equivalent. 

(1) G\ and G 2 are filtered-formal. 

(2) Gi * G 2 is filtered-formal. 

(3) Gi X G 2 is filtered-formal. 

Proof. Since there exist split injections from Gi and G 2 to the product G\ x G 2 and coproduct 
G\ * G 2 , we may apply Theorem 7.16 to conclude that implications (2)^(1) and (3)^(1) hold. 
Implications (1)^(2) and (1)^(3) follow from Lemmas 2.9, 2.10, and 7.17. □ 

Remark 7.19. As we shall see in Example 7.13, the implication (1)^(3) from Proposition 7.18 
cannot be strengthened from direct products to arbitrary semi-direct products. More precisely, there 
exist split extensions of the form G = Fn»a Z, for certain automorphisms or € Aut(f„), such that 
the group G is not filtered-formal, although of course both F„ and Z are 1-formal. 

Corollary 7.20. Suppose Gi and G 2 are finitely generated groups such that Gi is not graded-formal 
and G 2 is not filtered-formal. Then the product Gi X G 2 and the free product G\ * G 2 are neither 
graded-formal, nor filtered-formal. 

Proof. Follows at once from Propositions 5.15 and 7.18. □ 

As mentioned in the Introduction, concrete examples of groups which do not possess either for¬ 
mality property can be obtained by taking direct products of groups which enjoy one property but 
not the other. 


8. Expansions of groups 

In this section, we relate the 1-formality and filtered formality properties of a group to expansions 
of its group algebra. 

8.1. Expansions and complete Hopf algebras. Using K.T. Chen’s theory of formal power series 
connections and their induced monodromy representations, X.-S. Ein studied in [50] expansions 
of fundamental groups of smooth manifolds. Recently, D. Bar-Natan [3] generalized the idea of 
expansion and explored the Taylor expansion of an arbitrary ring. For our purposes here, we recall 
the definitions from [3] in the case when the ring in question is the group algebra kG of a finitely 
generated group G, over a field k of characteristic 0. 

Given a map f:G^R, where R is a ring, we will denote by /: kG —> R its linear extension to 
the group algebra. Eet gr(kG) = 11^'''^ be the associated graded algebra of kG with respect 

to the augmentation ideal I - kerfe: kG —> k), and let gr(kG) = Y\k>o be its degree com¬ 

pletion. The algebra gr(kG) comes endowed with the degree filtration, t^ifgr(kG)) = FIF^^, 

while gf(kG) comes endowed with the inverse limit filtration, t^k(§:(kG)) = Y[j>kF/iF^. Clearly, 
the associated graded algebra of gr(kG) is canonically identified gr(kG). 

Definition 8.1. A {multiplicative) expansion of a group G is a map E : G ^ gf(kG) such that the 
linear extension E: kG ^ gr(kG) is a filtration-preserving algebra morphism with the property that 
gr(E) = id. Furthermore, we say that the expansion E is faithful if E is injective. 

Alternatively, an expansion of G is a (multiplicative) monoid map E : G ^ gr(kG) such that the 
following property holds: If / € 7*^ \ then E{f) begins with [/] € fi that is, E{f) - 
( 0 ,..., 0 , 
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8.2. Taylor expansions and complete Hopf algebras. Recall now from §6.2 the work of Quillen 
[73], who showed that kG is a Hopf algebra, with comultiplication map A: kG —> kG ® kG given 
by A(g) = g ® g for g e G, while the /-adic completion kG is a complete Hopf algebra, with 
comultiplication map A: kG —> kG®kG. The powers of the augmentation ideal I give a filtration 
of kG, while kG is equipped with the filtration 7^. Identifying now the associated algebra gr(kG®kG) 
with gr(kG) ® gr(kG), we see that the degree completion gf(kG) is also a complete Hopf algebra, 
with comultiplication map A := gf(A): gf(kG) —> gf(kG) ® gf(kG). 

As in [3], an expansion £ of G is called a Taylor expansion (or, a group-like expansion) if it sends 
all elements of G to group-like elements of gf(kG), that is, 

(48) UE{g)) = E{g)®E{g) 

for all g & G. Equivalently, the expansion E is co-multiplicative, i.e., the following diagram com¬ 
mutes: 


(49) 


E<SiE 


gr(kG) 


■ gr(kG)®gr(kG). 


Lemma 8.2. A Taylor expansion E : G ^ gr(kG) induces a filtration-preserving isomorphism of 
complete Elopf algebras, E : kG —> gf(kG), such that gr(£') is the identity. 

Proof. As in the above definition, the expansion E induces a filtration-preserving algebra mor¬ 
phism, E: kG ^ gr(kG). Applying the /-adic completion functor, we obtain an algebra morphism, 
E : kG —> gr(kG). By the above discussion, the expansion E is group-like if and only if E is co- 
multiplicative. Applying the completion functor to diagram (49) yields another commuting diagram. 


(50) 


E<SiE 


gr(kG) 


■ gr(kG)®gr(kG). 


Since E is filtration-preserving and gr(£') = id, this implies that the Hopf algebra morphism E 
preserves filtrations and that gr(E) = id. An argument as in the proof of Lemma 2.2 now shows that 
E is an isomorphism. □ 

Lemma 8.3. A filtration-preserving isomorphism of complete Elopf algebras, f : kG —> gf(kG), 
induces a Taylor expansion E : G ^ gf(G). 


Proof. As in the proof of Lemma 2.5, we see that the isomorphism f induces a filtration-preserving 
isomorphism of complete Hopf algebras, f : kG ^ gf(kG), such that gr(0) = id. Let E : G ^ 
gf(kG) be the composite 


(51) G^ -^ kG —U-kG gf(kG). 

Since both f and l are Hopf algebra maps, and the inclusion G kG is a monoid map sending 
G to the group-like elements of kG, the composite E is also a monoid map. It is clear that E = f 
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and E = ^ o L. Since both 0 and l are filtration-preserving, and gr(t) = gr(£) = id, we infer that E is 
filtration-preserving, and gr{E) = id. Finally, by construction, F is a group-like expansion. □ 

Lemmas 8.2 and 8.3 generalize Massuyeau’s [58, Prop. 2.10], from a finitely generated free group 
to an arbitrary finitely generated group. These two lemmas have the following immediate corollary. 

Corollary 8.4. A finitely generated group G has a Taylor expansion if and only if there is an iso¬ 
morphism of filtered Hopf algebras, kG = gr(kG). 

8.3. Taylor expansions and formality properties. We now relate the preceding concepts to the 
filtered formality and 1-formality properties of groups. 

Theorem 8.5. A finitely generated group G has a Taylor expansion if and only ifG is filtered-formal. 

Proof First suppose G has a Taylor expansion. Then, by Lemma 8.2, there is a filtration-preserving 
Hopf algebra isomorphism between kG and gf(kG), inducing the identity on gr(kG). Now recall 
that kG = f7(nt(G;k)) and gf(kG) = f7(gf(G;k)), as filtered Hopf algebras. Taking primitives, we 
obtain a filtration-preserving isomorphism of complete Lie algebras, m(G;k) = gf(G;k), inducing 
the identity on gr(G; k). Hence, G is filtered-formal. 

Now suppose that G is filtered-formal. There is then an isomorphism of filtered, complete Lie 
algebras, or: m(G;k) ^ gr(G;k), such that gr(a) = id. Taking universal enveloping algebras, we 
obtain an isomorphism of filtered, complete Hopf algebras f : kG = gr(kG), such that gr(^) = id. It 
follows from Lemma 8.3 that G has a Taylor expansion. □ 

Next, we obtain an equivalent description for 1-formality of groups. 

Corollary 8.6. A finitely generated group G is \-formal if and only if there is a Taylor expansion 
G gf(kG) and gr(kG) is a quadratic algebra. 

Proof We know from Proposition 7.6 that G is 1-formal if and only if G is filtered-formal and 
graded-formal. By Theorem 8.5, G is filtered-formal if and only if it has a Taylor expansion. On the 
other hand, it follows from Lemma 5.9(1) that G is graded-formal if and only if gr(G; k) = f)(C; k). 
As shown in [47, §2.2.3], this latter condition is equivalent to the quadraticity of gr(kG). This 
completes the proof. □ 

Corollary 8.7. The existence of a Taylor expansion is preserved under field extensions, finite prod¬ 
ucts and coproducts, split injections, nilpotent quotients and solvable quotients of groups. 

Proof. In view of Theorem 8.5, our claims follow from Propositions 6.6 (for field extensions) and 
7.18 (for producfs and coproducfs), as well as Theorems 7.16 (for splif injections), 7.14 (for nilpo- 
fenf quofienfs), and 9.3 (for solvable quofienfs). □ 

A group G is said fo be residually torsion-free nilpotent (for short RTFN) if for any g eG, g t 1, 
fhere exisfs a lorsion-free nilpofenf group Q, and an epimorphism \]j\ G ^ Q such fhaf filg) t 1. 
Equivalenfly, G is residually lorsion-free nilpofenf if and only if nt:>i '’’kG = [1), where 

(52) T;tG - [g e G I g" € F^G, for some n € N}. 

By [68, Ch. VI, Thm. 2.26], a group G is residually lorsion-free nilpofenf if and only if Ihe group- 
algebra kG is residually nilpofenf, lhal is, nt:>i = (O)- Therefore, if G is finilely generated, Ihe 
RTFN condition is equivalenl lo Ihe injecfivily of Ihe canonical map fo Ihe prounipolenl complelion, 
k:G^ i)JKG,k). 
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Corollary 8.8. A finitely generated group G has a faithful Taylor expansion if and only if G is 
residually torsion-free nilpotent and filtered-formal. 

As shown by Magnus, all free groups are residually torsion-free nilpotent. Furthermore, as shown 
by Hain [33] and Berceanu-Papadima [6], the Torelli group IA„ = ker(Aut(F) —> Aut(Fab)) is 
residually torsion-free nilpotent, for all n > 1. Hence, all its subgroups, such as the pure braid group 
Pn, the McCool group wP„, and the upper McCool group wP'^ also enjoy this property. We refer to 
[78] for more details on this subject. 

8.4. Discussion and examples. Let P be a finitely-generated free group on generators x\,...,Xn- 
The complete Hopf algebra gf(ltP) can be identified wifh k((Ai,..., A„», fhe power series ring over 
k in n non-commufing variables. There is a well-known faithful expansion, M: F ^ gf(kP), called 
the Magnus expansion, which is given by M(x,) = 1 -F X/, see [54] . However, the Magnus expansion 
is not co-multiplicative if n > 1; thus, it is not a Taylor expansion. On the other hand, the power 
series expansion, defined by xi i-^ exp(X,), is a Taylor expansion, see [50]. 

Assume now fhaf G is a group which admifs a finite presentafion of fhe form G = F/R. Using a 
Taylor expansion for fhe finifely generated free group F, we may find a presentation for the Malcev 
Lie algebra m(G; k), using the approach of Papadima [62] and Massuyeau [58]. 

Theorem 8.9 ([58, 62]). Let G be a group with generators xi,... ,x„ and relators rj,... Let E 
be a Taylor expansion of the free group F - {x\,... ,xf). There exists then a unique filtered Lie 
algebra isomorphism Tn(G;k) = Iie(Pik)/((W)), where ((VT)) is the closed ideal of\h{Ff) generated 
by the subset [log(P(ri)),..., log(P(rm))} c lie(Pk)- 

We conclude this section with two families of groups which admit explicit Taylor expansions. 

Example 8.10. The reduced free group RF^, introduced by J. Milnor in his study of link homotopy, 
is the quotient of the free group = (xi,..., x„) by the normal subgroup generated by all elements 
of the form [x,-, gx,■§“']. In [50], Lin showed that RF„ has a Taylor expansion induced by the power 
series expansion of It follows from Theorem 8.5 that the group RF„ is filtered-formal. 

Example 8.11. Let Hg be the fundamental group of the closed, orientable surface of genus g > 1. 
It is well-known that Hg is 1-formal (see §11.1 for more on this). In particular, there is a Taylor 
expansion Hg ^ gf(kG), for any field k of characteristic 0. In [50], Lin constructed explicitly such 
an expansion for k = C, using Chen’s iterated integrals. More recently, Massuyeau [58] constructed 
a rational Taylor expansion of Hg = F 2 gl{r), by suitably deforming the power series expansion of 
the free group F 2 g. 


9. Derived series and Lie algebras 

We now study some of the relationships between the derived series of a group and the derived 
series of the corresponding Lie algebras. 

9.1. Derived series. Consider the derived series of a group G, starting at G^^^ = G, G^^^ = G', and 
G^^^ = G", and defined inductively by = [G^'\G^'^]. Note that any homomorphism 0: G ^ H 
takes G*-'^ to H^‘\ The quotient groups, GIG^‘\ are solvable; in particular, G/G' = Gab, while GIG" 
is the maximal metabelian quotient of G. 

Assume G is a finitely generated group, and fix a coefficient field k of characteristic 0. 
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Proposition 9.1 ([80]). The holonomy Lie algebras t)(G/G^'^;k) of the derived quotients of G are 
isomorphic to f)(G; k)/f)(G; ¥)' for i - 1, and are isomorphic to I)(G; It)/or i > 2. 

The next theorem is the Lie algebra version of Theorem 3.5 from [63]. 

Theorem 9.2 ([63]). For each i > 2, there is an isomorphism of complete, separated filtered Lie 
algebras, 

in(G/G('^;k) = m(G;k)/m(G;k)«, 

where Tn(G; k)6) denotes the closure o/in(G; k)*^'^ with respect to the filtration topology on nt(G; k). 

9.2. Chen Lie algebras. As before, let G be a finitely generated group. For each i > 2, the i- 
th Chen Lie algebra of G is defined fo be fhe associated graded Lie algebra of the corresponding 
solvable quotient, gr(G/G*^‘^; k). Clearly, this construction is functorial. 

The quotient map, qt'. G -» GIG^‘\ induces a surjective morphism gr(^,) between associated 
graded Lie algebras gr^(G; k) and gr^(G/G^'^; k). Plainly, this morphism is the canonical identifica¬ 
tion in degree 1. In fact, the map gr(^;) is an isomorphism for each k < 2' - see [80]. 

We now specialize to the case when i = 2, which is the case originally studied by K.-T. Chen in 
[14]. The Chen ranks of G are defined as ft(G) dim]t(gr;-(G/G"; k)). For a free group Fn of rank 
n, Chen showed fhaf 

(n + k — 2\ 

(53) 6k{Fn) = {k-\i ^ 1 , 

for all k > 2. Lef us also define fhe holonomy Chen ranks of G as 6ifG^ — dim]^(f)/f)^^)t:) where 
h = I)(C; k). If is readily seen fhaf 6k{G) > BifG), wifh equably for k <2. 

9.3. Chen Lie algebras and formality. We are now ready fo sfafe and prove fhe main resull of 
Ihis section, which (logelher wifh fhe firsl corollary following if) proves Theorem 1.7 from fhe 
Infroducfion. 

Theorem 9.3. Let G be a finitely generated group. For each i > 2, the quotient map qt'. G ^ G/G^'^ 
induces a natural epimorphism of graded k.-Lie algebras, 

: gr(G; k)/ gr(G; k)®-- gr(G/G(® k) . 

Moreover, if G is a filtered-formal group, then Y® is an isomorphism and the solvable quotient 
GIG^‘^ is filtered-formal. 

Proof. The map qt: G -» G/G^'^ induces a nafural epimorphism gr(^,) of graded k-Lie algebras 
gr(G;k) and gr(G/G^'^;k). By Proposition 5.1, fhis epimorphism factors fhrough an isomorphism, 
gr(G; k)/gr(G^'^; k) ^ gr(G/G^'^;k), where gr denotes fhe graded Lie algebra associated wifh fhe 
filfrafion F^tG^') - F^G n G^'l 

On fhe ofher hand, as shown by Labufe in [42, Prop. 10], fhe Lie ideal gr(G; k)*^'^ is confained in 
gr(G*^'^; k). Therefore, fhe map gr(^,) facfors fhrough fhe claimed epimorphism as indicafed in 
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the following commuting diagram, 

(54) gr(G;k) 



gr(G;k)/g'r(G®;k) 


Suppose now that G is filtered-formal, and set m = m(G;k) and g = gr(G;k). We may identify 
^ = in. Let g ^be the inclusion into the completion. Passing to solvable quotients, we obtain a 
morphism of filtered Lie algebras, 

(55) : g/g^'^-in/m^d . 

Passing to the associated graded Lie algebras, we obtain the following diagram: 

ipd) 

(56) g/g(')-^ gr(G/G6-); k) 

gr(Tn/TnW) —^ gr(m(G/G61; k)). 

All the graded Lie algebras in this diagram are generated in degree 1, and all the morphisms in¬ 
duce the identity in this degree. Therefore, the diagram is commutative. Moreover, the right vertical 
arrow from (55) is an isomorphism by Quillen’s isomorphism (42), while the lower horizontal arrow 
is an isomorphism by Theorem 9.2. 

Recall that, by assumption, m - "g; therefore, the inclusion of filtered Lie algebras g ^induces 

a morphism between the following two exact sequences, 

(57) 0 —^ gr(m(9) —s- gr(Tn) —s- gr(m)/gr(Tn(')) —s- Q 

A A A 

0 -- g(')-- g-- g/g(')-- 0. 

Here gf means taking the associated graded Lie algebra corresponding to the induced filtration. 
Using formulas (2) and (7), it can be shown that gf(m7)) - g(') Therefore, the morphism g/g^4 
gr(m)/gf(ml4) is an isomorphism. We also know that gr(m/m7)) = gr(m)/gf(m6)). Hence, the map 
gr(^6)) is an isomorphism, and so, by (56), the map T'g is an isomorphism, too. 

By Lemma 2.2, the map ^6) induces an isomorphism of complete, filtered Lie algebras between 
the degree completion of g/g^4 and in/mh). As shown above, is an isomorphism; hence, its 
degree completion is also an isomorphism. Composing with the isomorphism from Theorem 9.2, 
we obtain an isomorphism between the degree completion gf(G/G^4; j;) and the Malcev Lie algebra 
m(G/G^4; ]^) xhis shows that the solvable quotient G/G'-'^ is filtered-formal. □ 
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Remark 9.4. As shown in [42, §3], the analogue of Theorem 9.3 does not hold if the ground field 
k has characteristic p > 0. More precisely, there are pro-p groups G for which the morphisms 
(/ > 2) are not isomorphisms. 

Returning now to the setup from Lemma 5.6, let us compose the canonical projection gr(^,): 
gr(G;k) -» gr(G/G*''^;k) with the epimorphism Oq: -» gr(G;k). We obtain in this fashion 

an epimorphism h(G; k) -» gr(G/G^'^; k), which fits into the following commuting diagram (we will 
suppress the coefficient field k): 

Og 

f)(G)-. gr(G) 

gr{GIG^^) 

X X X I 

h(G)/h(G)(')-- gr(G)/gr(G)('). 

Puffing fhings fogefher, we obfain fhe following corollary, which recasfs Theorem 4.2 from [63] 
in a selling which is bolh funclorial, and holds in wider generality. This corollary provides a way lo 
delecf non-1-formality of groups. 

Corollary 9.5. For each for i > 2, there is a natural epimorphism of graded k-Lie algebras, 

h(G;k)/f)(G;k)®--gr(G/G®;k) . 

Moreover, ifG is I-formal, then is an isomorphism. 

Corollary 9.6. Suppose the group G is \-formal. Then, for each for i > 2, the solvable quotient 
GIG^‘'^ is graded-formal if and only ifi:){G',kf‘l vanishes. 

Proof. By Proposilion 9.1, fhe canonical projeclion qi'. G —> G/G^*^ induces an isomorphism 
t)(^0‘ l)(C;k) ^ f)(G/G^'^; k). Since we assume G is 1-formal, Corollary 9.5 guaranfees fhal fhe 
map O® : f)(G; k)/t)(G; k)*^'^ —> gr(G/G*^'^; k) is an isomorphism. The claim follows from fhe leff 
square of diagram (58). □ 


10. Torsion-free NiLPOTENT GROUPS 

In fhis secfion we sludy fhe graded and filfered formalify properties of a well-known class of 
groups: fhal of finitely generated, lorsion-free nilpofenf groups. In fhe process, we prove Theorem 
1.8 from fhe Inlroduclion. 

10.1. Nilpotent groups and Lie algebras. We sfarf by reviewing fhe conslrucfion of fhe Malcev 
Lie algebra of a finifely generafed, lorsion-free nilpofenf group G (see Cenkl and Porler [13], Lambe 
and Priddy [44], and Malcev [55] for more delails). There is a refinemenl of fhe upper cenfral series 
of such a group, 

(59) G - Gi > G2 > • • • > G„ > G„+i = 1, 

wilh each subgroup G, < G a normal subgroup of G,+i, and each quolienf G,/G,+i an infinite cyclic 
group. (The inleger n is an invarianf of fhe group, called fhe lenglh of G.) Using fhis facf, we 
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can choose a Malcev basis {ui, for G, which satisfies G,- = (G,+i,«;). Consequently, each 

element u € G can be written uniquely as ■ ■ ■ u^'. 

Using this basis, the group G, as a set, can be identified with Z” via the map sending • • • u^' 
to a - {a\,...,a„). The multiplication in G then takes the form 


(60) 



where p,-: Z” x Z” —> Z is a rational polynomial function, for each 1 < / < n. This procedure 
identifies the group G with the group (Z”,p), with multiplication the map p = (pi,... ,Pn): Z” x 
Z" —> Z”. Thus, we can define a simply-connected nilpotent Lie group G ® k = (k”,p) by extending 
the domain of p, which is called the Malcev completion of G. 

The discrete group G is a subgroup of the real Lie group G ® R. The quotient space, M - 
(G ® l.)/G, is a compact manifold, called a nilmanifold. As shown in [55], the Lie algebra of M 
is isomorphic to m(G;R). It is readily apparent that the nilmanifold M is an Eilenberg-MacLane 
space of type K{G, 1). As shown by Nomizu, the cohomology ring H*{M,R) is isomorphic to the 
cohomology ring of the Lie algebra m(G; R). 

The polynomial functions p, have the form 


(61) Pi{a,b) = at + bi + Ti{a\,.. .,ai-i,bi,.. .,bi-i). 

Denote by cr - (cri,..., cr„) the quadratic part of p. Then k” can be given a Lie algebra structure, 
with bracket [a,t?] = cr{a,b) - cr{b,a). As shown in [44], this Lie algebra is isomorphic to the 
Malcev Lie algebra Tn(G;k). 

The group (Z”,p) has canonical basis where e,- is the /-th standard basis vector. Then 

the Malcev Lie algebra in(G;k) = (k", [ , ]) has Lie bracket given by [c,,Cj] = T,k=i fk, where 
^ bk{ei,ej) - bk{ej,ei). 

The Chevalley-Eilenberg complex /\*(m(G;k)) is a minimal model for M = K{G, 1). Clearly, 
this model is generated in degree 1; thus, it is also a 1-minimal model for G. As shown by Hasegawa 
in [36], the nilmanifold M is formal if and only if M is a torus. 


10.2. Nilpotent groups and filtered formality. Eet G be a finitely generated, torsion-free nilpotent 
group, and let in = m(G; k) be its Malcev Eie algebra, as described above. Note that gr(in) = k” has 
the same basis ei,...,as in, but, as we shall see, the Eie bracket on gr(in) may be different. The 
Eie algebra in (and thus, the group G) is filtered-formal if and only if m = gf(in) = gr(m), as filtered 
Eie algebras. In general, though, this isomorphism need not preserve the chosen basis. 

Example 10.1. Eor any finitely generated free group F, the k-step, free nilpotent group FjYk+iF 
is filtered-formal. Indeed, F is 1-formal, and thus filtered-formal. Hence, by Theorem 7.14, each 
nilpotent quotient of F is also filtered-formal. In fact, as shown in [58, Cor. 2.14], m{FIYk+iF) = 
^l(Yk+\Y), where L = lie(F). 

Example 10.2. Eet G be the 3-step, rank 2 free nilpotent group F 2 lY^F 2 - Identifying G with Z^ as 
a set, then the Malcev Eie algebra in(G; k) = k^ has Eie brackets given by [^ 1 ,^ 2 ] = ^3 - ^ 4/2 - C 5 , 
[^ 1 , 63 ] = e\, \_e 2 ,e 2 \ - C 5 , and [Ci,ey] = 0, otherwise (see [44, 13]). It is readily checked that the 
identity map of k^ is not a Eie algebra isomorphism between m - Tn(G;k) and gr(m). Moreover, 
the differential of the 1-minimal model ^(G) = iiot homogeneous on the Hirsch weights, 

although tn (and G) are filtered-formal. 
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Now consider a finite-dimensional, nilpotent Lie algebra in over a field k of characteristic 0. It is 
readily seen that the filtered-formality of such a Lie algebra coincides with the notions of ‘Carnot’, 
‘naturally graded’, ‘homogeneous’ and ‘quasi-cyclic’ which appear in [16, 17, 39, 40, 48]. 

The question whether the Carnot property descends from k = K. to Q was first raised by Johnson 
in [39]. A positive answer was given by Dekimpe and Lee in [17, Cor. 4.2], but, as Comulier points 
out in [16, Rem. 3.15] their proof has a gap. Nevertheless, in [16, Thm. 3.14], Comulier gives a 
complete solution to Johnson’s question. Theorem 2.8 allows us to recover Comulier’s result by 
completely ditferent means. 

Corollary 10.3 ([16]). Let in be a finite-dimensional, nilpotent Lie algebra over a field k of char¬ 
acteristic 0, and letiL <z "Kbe a field extension. Then in is Carnot over k if and only ifva^^K is 
Carnot over K. 


10.3. Torsion-free nilpotent groups and filtered formality. We now study in more detail the 
filtered-formality properties of torsion-free nilpotent groups. We start by singling out a rather large 
class of groups which enjoy this property. 

Theorem 10.4. Let G be a finitely generated, torsion-free, 2-step nilpotent group. If Gab A torsion- 
free, then G is filtered-formal. 


Proof. The lower central series of our group takes the form G - TiG > r2G > r3G = 1. Let 
{xi ,..., A„} be a basis for G/r2G = Z”, and let [yi, ... ,y„j| be a basis for r2G = Z"*. Then, as 
shown for instance by Igusa and Orr in [38, Lemma 6.1], the group G has presentation 


(62) G = { 


= {Xl,...,Xn,yi,...,ym 


[xi,Xj] = \yi,yj] = l,for / < f, [Xi,yj] ^ l). 


k=l 


Let a,b e Z”’*'"*. A routine computation shows that 


(63) pi{a, b) - ai -v bi, for 1 < / < n, 

k n 

Pn+k{a,b) = an+k + bn+k - ^ ^ c^paibj, for 1 < k < m. 

7=1 i=j+t 

Set Cy. = -c^^ ■ if j > i. It follows that the Malcev Lie algebra m(G;k) = (k”’*''”, [ , ]) has Lie 
bracket given on generators by [c/, ef\ = Y!k=\ fn+k for \ < i t j <n, and zero otherwise. 

Turning now to the associated graded Lie algebra of our group, we have an additive decompo¬ 
sition, gr(G;k) = grj(G;k) 0 gr 2 (G;k) = k” 0 k'”, where the first factor has basis (ci,...,e„}, 
the second factor has basis {e^+i,... ,en+m}, and the Lie bracket is given as above. Therefore, 
m(G; k) = gr(G; k), as filtered Lie algebras. Hence, G is filtered-formal. □ 


It is known that all nilpotent Lie algebras of dimension 4 or less are filtered-formal, see for in¬ 
stance [16]. In general, though, finitely generated, torsion-free nilpotent groups need not be filtered- 
formal. We illustrate this phenomenon with two examples: the first one extracted from the work 
of Comulier [16], and the second one adapted from the work of Lambe and Priddy [44]. In both 
examples, the nilpotent Lie algebra in in question may be realized as the Malcev Lie algebra of a 
finitely generated, torsion-free nilpotent group G. 


Example 10.5. Let in be the 5-dimensional k-Lie algebra with non-zero Lie brackets given by 
[^ 1 , 63 ] = ^4 and [^ 1 ,^ 4 ] = [e 2 ,eT,] = 05 . It is readily checked that the center of m is 1-dimensional. 
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generated by e^, while the center of gr(m) is 2-dimensional, generated by €2 and e^. Therefore, 
m ^ gr(nr), and so m is not filtered-formal. It follows that the nilpotent group G is not filtered- 
formal, either. From Theorem 6.5, it readily checked that the 1-minimal model ^{G) = 
does not have positive Hirsch weights, nevertheless, ^{G) has positive weights, given by the index 
of the chosen basis. 

Example 10.6. Let in be the 7-dimensional k-Lie algebra with non-zero Lie brackets given on basis 
elements by = ^6. [^ 2 ,^ 4 ] - ej, [e 2 ,e 5 ] - -e-j, [e 3 ,e 4 ] = ey, and [ei,e,] = for 2 < i < 6. 

Then gr(Tn) has the same additive basis as in, with non-zero brackets given by [ei,e,] = e,+i for 
2 < i < 6. Plainly, gr(tn) is metabelian, (i.e., its derived subalgebra is abelian), while m is not 
metabelian. Thus, once again, m ^ gr(m), and so both m and G are not filtered-formal. In this case, 
though, we cannot use the indexing of the basis to put positive weights on ^{G). 

In view of Theorem 8.5, the nilpotent groups from Examples 10.5 and 10.6 do not admit any 
Taylor expansions. 

10.4. Filtered formality and Koszulness. Carlson and Toledo [11] classified finitely generated, 
1-formal, nilpotent groups with first Betti number 5 or less, while Plantiko [69] gave sufficient 
conditions for the associated graded Lie algebras of such groups to be non-quadratic. The following 
proposition follows from Theorem 4.1 in [69] and Lemma 2.4 in [11]. 

Proposition 10.7 ([11, 69]). Let G = FjR be a finitely presented, torsion-free, nilpotent group. 
If there exists a non-zero decomposable element in the kernel of the cup product map H^{G',ls) A 
H^{G', k) —> H^(G', k), then G is not graded-formal. 

Here an element u € H^{G', k) is said to decomposable if m = v A w for some v,w € H^{G', k). 

Example 10.8. Let [/„(R) be the nilpotent Lie group of upper triangular matrices with I’s along 
the diagonal. The quotient M = f7„(]R)/f7„(Z) is a nilmanifold of dimension N = n{n - l)/2. The 
unipotent group f7„(Z) has canonical basis [«;/ | 1 < / < 7 < n), where i^ the matrix obtained from 
the identity matrix by putting 1 in position (/, j). Moreover, f7„(Z) = (Z^,p), where pifia, b) = ap -F 
bij -F Yji<k<j ‘^ikbkj, SBC [44]. The unipotent group f7„(Z) is filtered-formal; nevertheless. Proposition 
10.7 shows that this group is not graded-formal for n > 3. 

Proposition 10.9. Let G be a finitely generated, torsion-free, nilpotent group, and suppose G is 
filtered-formal. Then G is abelian if and only if the algebra f7(gr(G; k)) is Koszul. 

Proof. We only need to prove the non-trivial direction. If the algebra U - f7(gr(G;k)) is Koszul, 
then the Lie algebra gr(G; k) is quadratic, i.e., the group G is graded-formal. Under the assumption 
that G is filtered-formal, we then have that G is 1-formal. 

Let M be the nilmanifold with fundamental group G. Then M is also 1-formal. By Nomizu’s 
theorem, the cohomology ring A = //*(M;k) is isomorphic to the Yoneda algebra Exty(k, k). On 
the other hand, since U is Koszul, the Yoneda algebra is isomorphic to Uy which is also Koszul. 
Hence, A is a Koszul algebra. As shown by Papadima and Yuzvinsky [67], if M is 1-formal and if 
A is Koszul, then M is formal. By [36], this happens if and only if M is a torus. This completes the 
proof. □ 

Corollary 10.10. Let G be a finitely generated, torsion-free, 2-step nilpotent group. IfG^b A torsion- 
free, then U{gv{G\ k)) is not Koszul. 
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ExamplelO.il. Let G = (xi,X 2 ,X 3 ,X 4 | [xi,x 3 ],[xi,x 4 ],[x 2 ,x 3 ],[x 2 ,x 4 ],[xi,x 2 ][x 3 ,x 4 ]). The 
group G is a 2-step, commutator-relators nilpotent group. Hence, by the above corollary, the en¬ 
veloping algebra k)) is not Koszul. In fact, k))' is isomorphic to the quadratic algebra 

from Example 3.9, which is not Koszul. 

11. Seifert fibered manifolds 

We now use our techniques to study the fundamental groups of orientable Seifert manifolds from 
a rational homotopy viewpoint. We start our analysis with the fundamental groups of Riemann 
surfaces. 

11.1. Riemann surfaces. Let be the closed, orientable surface of genus g. The fundamental 
group Hg = 7ri(Eg) is a 1-relator group, with generators x\,y\,... ,Xg,yg and a single relation, 
UdJi] • • • Vxg,yg\ - 1- Since this group is trivial for g = 0, we will assume for the rest of this 
subsection that g > 0. 

The cohomology algebra A = //*(Eg;k) is the quotient of the exterior algebra on generators 
ai,b\,... ,ag,bg,m degree 1 by the ideal I generated by aibi - ajbj, for 1 < / < j < g, together with 
aiaj, bibj, aibj, ajbi, for 1 < / < j < g. It is readily seen that the generators of I form a quadratic 
Grobner basis for this ideal; therefore, A is a Koszul algebra. 

The Riemann surface l,g is a compact Kahler manifold, and thus, a formal space. It follows from 
Theorem 4.20 that the minimal model of Eg is generated in degree one, i.e., ^(Lg) = ^(Lg, 1). 
The formality of Eg also implies the 1-formality of Hg. Asa consequence, the associated graded Lie 
algebra grCHg; k) is isomorphic to the holonomy Lie algebra f)(ng; k). Using again the fact that A is 
a Koszul algebra, we deduce from Corollary 5.5 that OfeiCl ~ ^ _ 2gt + 

11.2. Seifert fibered spaces. We will consider here only orientable, closed Seifert manifolds with 

orientable base. Every such manifold M admits an effective circle action, with orbit space an ori¬ 
entable surface of genus g, and finitely many exceptional orbits, encoded in pairs of coprime in¬ 
tegers ... ,{as,/is) with aj > 2. The obstruction to trivializing the bundle rj: M ^ l,g 

outside tubular neighborhoods of the exceptional orbits is given by an integer b = b{r]). A standard 
presentation for the fundamental group of M in terms of the Seifert invariants is given by 

TTjj ni{M) - {x\,y\,.. .,Xg,yg,zi, ■ ■ .,Zs,h \ h central, 

^ [xi,yi]---[Xg,yg]zi---Zs^h’’, zfh^‘= 

Lor instance, if 5 = 0, the corresponding manifold, Mg^t, is the S ^-bundle over Eg with Euler 
number b. Let Tig ^ := ni{Mg^h) be the fundamental group of this manifold. If = 0, then Tigo - 
Hg X Z, whereas if b = 1, then Tig i = {xi,yi,... ,Xg,yg,h \ [xi,yi] • • • [Xg,yg] - h,h central). In 
particular, Mi j is the Heisenberg 3-dimensional nilmanifold and ttij is the group from Example 
7.8. 

11.3. Minimal model. As shown by Scott in [75], the Euler number e{rf) of the Seifert bundle 

rj: M ^ 'Lg satisfies e{ri) = -b{rf) - Seifert bundle has genus 0, the 

group has first Betti number 0 or 1, according to whether e{Tf) is non-zero or 0. Thus, is 
1-formal, and the Malcev Lie algebra m{n^, k) is either 0, or the completed free Lie algebra of rank 
1. To analyze the case when g > 0, we will employ the minimal model of M, as constructed by 
Putinar in [72]. 
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Theorem 11.1 ([72]). Let T}: M —> 'Lg be an orientable Seifert fibered space with g > 0. The 
minimal model ^(M) is the Hirsch extension ^(Eg) {/\{c),d), where the differential is given 

by d{c) - 0 ifeirf) - 0, and d{c) € ^^(Eg) represents a generator of (Eg-, k) if e{rj) t 0. 

More precisely, recall that Eg is formal, and so there is a quasi-isomorphism /: ^(Eg) —> 
(H*(Eg-,k),d = 0). Thus, there is an element a € ^^(M) such that d(a) = 0 and f*([a]) 0 

in H^(Eg-, k) = k. We then set d(c) = ain the second case. 

To each Seifert fibration 77 : M —> Eg as above, let us associate the S'-bundle iy: Mg^^it]) —> E,g, 
where eip) = 0 if e{rj) = 0, and e(r}) = 1 if e{r]) t 0. For instance, Mo,o = 5^x5' and Mqj = 

The above theorem implies that 

(65) Jt(M) = Jf(Mg^^igf). 

Corollary 11.2. Let 77 : M ^ Eg be an orientable Seifert fibered space. The Malcev Lie algebra of 
the fundamental group - n\(M) is given by m(Tij^-, k) = m(n'g^f(^); k). 

Proof The case g = 0 follows from the above discussion, while the case g > 0 follows from 
(65). □ 

Corollary 11.3. Let 77: M ^ Eg be an orientable Seifert fibered space with g > 0. Then M admits 
a minimal model with positive Hirsch weights. 

Proof. We know from §11.1 that the minimal model ./^(Eg) is formal, and generated in degree one 
(since g > 0). By Theorem 6.5, ./^(Eg) is isomorphic to a minimal model of Eg with positive Hirsch 
weights; denote this model by JiffEg). 

By Theorem 11.1 and Lemma 4.3, the Hirsch extension J^(Eg) g)k /\(c) is a minimal model for 
M, generated in degree one. Moreover, the weight of c equals 1 if e(r]) = 0, and equals 2 if e{ri) + 0. 
Clearly, the differential d is homogeneous with respect to these weights, and this completes the 
proof. □ 

Corollary 11.4. Fundamental groups of orientable Seifert manifolds are fltered-formal. 

Proof. The claim follows at once from Theorem 6.5 and Corollary 11.3. Alternatively, the claim 
also follows from Theorem 11.6 and the definition of filtered-formality. □ 


Using Theorem 11.1 and Lemma 4.3 again, we obtain a quadratic model for the Seifert manifold 
M in the case when the base has positive genus. 

Corollary 11.5. Suppose g > 0. Then M has a quadratic model of the form (H*(Eg-, k) ® /\{c), d), 
where deg(c) = 1 and the differential d is given by d(ai) = d(bi) = 0 for 1 < 7 < g, d(c) = 0 if 
e(q) = 0, and d(c) = a\ At bi if e{q) 0. 

11.4. Malcev Lie algebra. We give now an explicit presentation for the Malcev Lie algebra of nrj 
as the degree completion of a certain graded Lie algebra. 


Theorem 11.6. The Malcev Lie algebra of is the degree completion of the graded Lie algebra 
[lie(xi,yi,.. .,xg,yg,z)l{'lfj^fxi,yi\ ^ 0, z central) ife(q) = 0; 

[lie(xi,yi, .. .,Xg,yg,w)l{Yfi^fxi,yi] = w, w central) ife(q) t 0 , 
where deg(w) = 2 and the other generators have degree 1. Moreover, gr(7r;^;k) = L(nf). 


( 66 ) 


L(7r„) = 
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Proof. The case g = 0 was already dealt with, so let us assume g > 0. There are two cases to 
consider. 

If e{r]) = 0, Corollary 11.2 says that nt( 7 r;,;k) is isomorphic to the Malcev Lie algebra of q - 
fig X Z, which is a 1-formal group. Furthermore, we know that gr(ng;k) is the quotient of the 
free Lie algebra Iie(2g) by the ideal generated by Hence, m(n';;;k) is isomorphic to the 

degree completion of gr(ng x Z) = gr(ng;k) x gr(Z;k), which is precisely the Lie algebra L{n^) 
from ( 66 ). 

If e(rf) + 0, Corollary 11.5 provides a quadratic model for our Seifert manifold. Taking the Lie 
algebra dual to this quadratic model and using [ 8 , Thm. 4.3.6] or [4, Thm. 3.1], we obtain that the 
Malcev Lie algebra nt( 7 r;,) is isomorphic to the degree completion of the graded Lie algebra L(nf). 
Furthermore, by formula (42), there is an isomorphism gr(m( 7 r;^; k)) = gr(n'^; k). This completes the 
proof. □ 

In follow-up work [80], we give a presentation for the holonomy Lie algebra of an orientable 
Seifert manifold group, and derive the following result. 

Proposition 11.7. If g = 0, the group is always \-formal, while if g > 0, the group is graded- 
formal if and only if e{rf) = 0. 

Acknowledgments. We wish to thank Dror Bar-Natan, Yves Comulier, §tefan Papadima, and 
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